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1 Introduction

Numerous urban areas encounter significant traffic congestion issues, which typically result
in frustrating delays for commuters and increased pollution levels that adversely affect the
overall quality of life for residents and the efficiency of local economies. To solve the pervasive
and complex problem of road traffic congestion, it is essential to measure the external costs
associated with congestion and require road users to fairly bear the corresponding expenses that
arise from their travel behaviors and choices. To achieve this important goal, the travel cost
functions that connect traffic volume to the associated travel expenses incurred by individuals
as they navigate through the increasingly crowded roadways of cities should be evaluated.

In this study, we estimate the structural parameters of a travel time function that connects
traffic volume to travel time given the equilibrium state of the model describing the traffic
assignment over a road network. In this model, there exist a specific number of travelers for
each origin and destination (OD) pair. Typically, multiple routes link an origin to a destination,
and travelers select a route aimed at minimizing their travel expenses. Their travel expenses
are influenced by congestion: the cost of travel increases with the number of travelers using
the same road. Our approach is structured as a population game, in which the payoff relies
solely on the distribution of the population over the available strategies (or routes chosen)
rather than on the strategies of individual players. Consequently, our focus is on the Nash
equilibrium.

Our game exclusively produces negative externalities; thus, the Nash equilibrium outcome
is unique as long as the players are homogeneous. Furthermore, our traffic assignment problem
falls into the category of potential games (Rosenthal, 1973; Monderer and Shapley, 1996), where
determining the Nash equilibrium is simplified into determining the maximizer of a function
referred to as the potential function.

In addition, we use the potential function to estimate the structural parameters. To derive
the likelihood function, we consider a stochastic evolutionary process in which players gradually
modify their strategies. More specifically, during each time period, one traveler receives an
opportunity for revision. The traveler selects an opponent at random who has the same OD
pair as he does and follows that opponent’s route based on the imitative exponential protocol
(Sandholm, 2010), where the likelihood of switching increases with the opponent’s payoff. This
procedure is structured as a Markov chain; thus, its stationary distribution, which is considered
as the likelihood function, relies solely on states via the potential function.

The potential function method is extensively recognized in the field of structural estima-
tion for network games (e.g., Nakajima, 2007; Mele, 2017; Hsieh et al., 2022). As noted by
Mele (2017), calculating the normalizing constant of the stationary distribution, which ensures
that the distribution totals 1, is challenging because it requires summing the values across all
possible states. Mele (2017) used a Bayesian strategy that uses an advanced version of the

Metropolis-Hasting algorithm to circumvent the direct calculation of the normalizing constant.



In contrast, we note that the log-likelihood function converges regarding the number of
players, and in the context of our road traffic assignment issue, this figure can be regarded
as substantial. In the limit function, the task of calculating the normalizing constant is sub-
stituted with the maximization of the potential function. Although maximizing a function
can also be generally challenging, our limit function is strictly concave because our game in-
cludes only negative externalities. Therefore, we substitute the likelihood function with its
limit counterpart as an approximation and estimate the parameters using the maximum likeli-
hood method. The standard errors of the maximum likelihood estimates are derived using the
bootstrap technique.

We use the Bureau of Public Roads (BPR) function, which is commonly used in trans-
portation modeling and practical evaluations of transportation (e.g., Sheffi, 1985; Small et al.,
2024) for the travel time function, and estimate its parameters using the maximum likelihood
approach, where the likelihood function is approximated under the assumption that the num-
ber of travelers is sufficiently large. For preliminary analysis, we use artificial observation data
from a test network referred to as the Sioux Falls network, which comprises 24 nodes and 76
links. The results indicate that the parameters are estimated efficiently, with their standard
errors derived using the bootstrap technique. Furthermore, we assess the congestion externali-
ties based on the estimated parameters and evaluate the welfare gains resulting from link-based
congestion pricing, which theoretically attains the optimal allocation. We find that the vari-
ability of welfare improvements from the link-based congestion pricing is relatively minimal,
indicating that the adoption of such pricing strategies results in predictable enhancements in
overall network efficiency, thereby improving the economic welfare of users while successfully
addressing congestion.

Addressing traffic congestion is a critical policy challenge; thus, it has received significant
attention in the fields of transportation and urban studies. Viauroux (2011) explored a model in
which travelers determine both the number of trips they take and their mode of transportation.
All travelers have the same origin and destination. He used data from a household survey
conducted in Montpellier, France. He discovered notable enhancements in overall welfare when
marginal cost pricing was applied. Durrmeyer and Martinez (2022) examined a model in which
travelers select their departure times and modes of transportation, with predefined routes.
Using commuting data from Paris, the authors investigated the effects of different road pricing
and transit frequency adjustment scenarios on different income groups. Almagro et al. (2024)
analyzed a model in which travelers select their mode of transportation. The authors posited
that routes are predetermined, because travelers follow the directions provided by Google
Maps. Using traffic data from community areas in Chicago, they found that road pricing can
significantly reduce externalities while improving the quality of public transit service. The
authors also examined the distributional effects of different road pricing and transit frequency
adjustment scenarios on different income groups. All aforementioned studies used the discrete

choice method to estimate the structural parameters.



Although these studies consider elements that are not addressed in the present study,
such as various transportation modes and the diversity among travelers, they do not consider

the route choices made by road users.!

This neglect may result in issues because travelers
may re-evaluate their route choices due to anticipated traffic disruptions, such as scheduled
construction. Disregarding route selection can result in imprecise forecasts of traffic patterns
and congestion levels, because travelers may opt for different routes to circumvent delays.
In addition, the adjustments travelers make in response to transportation policies, such as
congestion pricing, can significantly affect overall traffic flow and congestion levels, which are
essential for formulating effective transportation policies.

This paper is organized as follows. Section 2 presents the model and introduces the potential
game approach. Section 3 presents an estimation method that uses the potential function and
reports the preliminary results from a toy dataset. Section 4 discusses congestion pricing for
optimal traffic assignment and evaluates the variability in the welfare gains resulting from
congestion pricing. Section 5 concludes the study. The details of the dataset and numerical

algorithm, along with the omitted proofs, are provided in the appendix.

2 Model

2.1 Basic assumptions

We consider a model in which agents select their routes in a transportation network. The
network is represented as a directed graph consisting of a set of nodes N/ and a set of links L.
Let R C N denote the set of origin nodes from which agents depart, and let S C A denote the
set of destination nodes at which agents arrive. Each OD pair (r,s) € 2 =R x S is connected
by a set of paths (routes) K" through the network. A path k € K" for an OD pair (r,s) is a
sequence of links connecting origin » € R to destination s € S.

A link from node i € N to node j € N is denoted as link (4, j). The travel cost for traversing
link (7, j) depends solely on the traffic flow rate y;; on the link. We assume that the travel cost
function t;;(y;;) for link (4, j) is nonnegative, continuously differentiable, strictly increasing,
and convex, as commonly assumed in the literature (e.g., Sheffi, 1985; Fajgelbaum and Schaal,
2020; Allen and Arkolakis, 2022). This implies that high traffic flow causes increased delays
on the link due to congestion.

All agents are homogeneous and select a path to minimize their travel costs from an origin

to a destination. The total number of agents in the network is fixed and denoted by Q; we

'In the quantitative spatial economics (QSE) literature, there are some papers that address both conges-
tion and route choice. Fajgelbaum and Schaal (2020) consider the route choice problem in the transportation
sector, which is faced with congestion during the shipping of goods. Their focus is on the optimal allocation.
Allen and Arkolakis (2022) examine a routing framework within an urban model where individuals travel from
their residences to their workplaces. By utilizing a dataset of the Seattle road network, they assess the welfare
elasticity resulting from enhancements to the road network and the associated return on investment. In contrast
to the QSE literature, our ultimate goal is statistical inference of structural parameters.



assume it is large but finite: @ € N. Let ¢’ € éZ_’_ be the proportion of agents with OD
pair (r,s), which are referred to as agents (r,s). Then, the total number of agents (r,s) is
Qq"%, and Z(r,s)eﬂ ¢"* = 1. In addition, let f7 € éZJ’_ denote the proportion of agents (r, s)
selecting path k € K", satisfying >, xrs fgk =q5- Then, the traffic flow rate y;; € Ry on

link (i, ) is expressed as follows:

vi(fQ) = Y. D fo0ih (1a)

(r,s)eQ kekrs
s 1 if link (4, 4) is part of path k € K%,

ik = (1b)
0 otherwise,

where fo = (fG})kekcrs (rs)eq- Using matrix notation, (1) can be rewritten as follows:

y(fQ) = Afq, (2)

where y(fq) = (¥ij(fQ))j)ec and A denotes the path-link incidence matrix with elements

TS
ijk
The travel cost C7° for a path & € K™ is the sum of the costs of the links that form path

k. Therefore, C};* can be expressed as a function of fg as follows:

Cr(fo) = > tii(yi(£0))073 (3)
(i,5)eL
2.2 Equilibrium and potential game

Our model can be considered a finite-population congestion game (Rosenthal, 1973), where
the set of populations is denoted by €2, the action set is K™, and the population state is an

element of Fo =[], eq F¢'» With

TS ]_ TS
F5 = {fg;eRL’F ‘maz'f |

> ngsk—qgf}, (4)

keKrs

where f' = (fG))kexrs. The payoff function is w(fq) = (7;°(fQ))rexrs (rs)en, Where
m.°(fq) = —C;°(fg). Following Sandholm (2010, 2015), we identify a game by its payoff

function 7r; thus, we denote our game by 7r.
The Nash equilibrium? of game 7 is the state in which no agent can gain by changing their

path, meaning that they have no incentive to switch to another path. Formally, ff, € Fq is

2In the field of transportation, the Nash equilibrium of congestion games is commonly referred to as the
user equilibrium.



an equilibrium if, for all (r,s) € €, the following condition holds

i >0 = w2 (Fa+ i — k) ke K™ )

where e} denotes the unit vector with a value of one in the position corresponding to k € K.
We use the properties of a potential game to characterize the equilibrium and estimate the
parameters of our model. A game is called a potential game if there exists a potential function

po that satisfies

po(fQ) — <fQ Q > =m,°(fQ) Vfg € Fo, Vk € K™, Y(r,s) € . (6)

As reported in Rosenthal (1973) and Monderer and Shapley (1996), every congestion game is

a potential game with the following potential function

vy R i(5): 7)

(ij)eL z=1

The potential function (7) satisfies (6) in our model. Thus, our game 7 is a finite-population
potential game.

To estimate the parameters of our model, we consider a game in which the total number
of agents approaches infinity (i.e., @ — o0), which we call a continuum-population game. The

population state of our continuum-population game is an element of F = H(T, $)eQ FT¢, with

Fre {f?"s e R

Y fr=gq } : (8)

keKrs

where ¢ € R, denotes the proportion of agents (r,s). As demonstrated in Sandholm
(2001), continuum-population potential games are the limits of convergent sequences of finite-
population potential games. This implies that our continuum-population game admits a po-

tential function p(-), as shown in the following lemma:

Lemma 1 For all € > 0, there exists Q) such that

‘Q (fQ)' e Vfg € Fq, (9)

where the potential function p(fq) ts given by

i3 (FQ)
-y / i ( (10)

(i,7)EL

Proof See Appendix C.1.



The equilibrium of a continuum-population potential game is characterized by its potential
function. Specifically, the state f* € F is an equilibrium of our game 7 if and only if it is a

Karush-Kuhn—Tucker (KKT) point for the maximization problem of the potential function.

r}lggp(f)- (11)

Therefore, we investigate the uniqueness of the equilibrium by checking the shape of the po-
tential function. The following proposition establishes uniqueness for the link flow rate but

not for the population state.

Proposition 1 In the continuum-population game 7, the equilibrium link flow rate y(f*) =
(ij (£*))i.jyec is uniquely determined, whereas the equilibrium population state f* is generally

NON-UNIQUE.
Proof See Appendix C.2.

Each agent’s path choice, represented by f, determines the traffic flow rate on each link
yi;(f). Although the potential function p(f) initially appears to depend on individual path
choices, it is governed by the aggregate link flow rates y(f). Therefore, p(f) can be redefined as
9(y(f)), where aggregate link flow rates (rather than individual paths) influence the potential:

Yij
g(y):_(z /O s (2) dz. (12)

ij)eL

Proposition 1 is obtained because the Hessian matrix V2g(y) is negative definite (i.e., g(y) is
strictly concave), whereas V2 f(f) is not.

Numerical analysis and parameter estimation for our model require defining the population
state f, which necessitates enumerating all paths available within the network. However,
enumerating all possible paths in large networks is infeasible because of the extensive number
of potential routes. To address this issue, we reformulate the maximization problem in (11)
to eliminate the need for explicit path enumeration. Specifically, we decompose (11) into a
problem that consists only of link flow rates by each origin, denoted by & = (zfj)(m)e crer €

lexm, where z7; denotes the flow rate on link (4, j) for agents with origin r.

R Gij ()
max g(g(x) =— ) / ti;(w)dw (13a)
wERMXR‘ = 0
+ (i,5)eL
Tiesa i Q=
s.t. Z Tl — Z T =19 q" if (ri)eQ VieN,VreRr,

: NIN > : NOUT ; .
7€ ® 7€ ® otherwise

(13b)



where N™ () and NOVT(4) denote the sets of nodes connected to and from node i by a link,

respectively. The link flow rate g(x) = (9i;()) (i )ec is given by

Jij(x) =) ;. (14)
rER

The constraint (13b) enforces flow conservation at each node i € N, specifically for flow
rates originating from r € R. This means that flow rates with origin r entering and exiting
each node i are independently balanced. At the origin node r (i.e., i = r), the constraint
permits a net outflow equal to the total demand originating from r. At destination nodes (i.e.,
(r,i) € Q), the constraint allows a net inflow matching the demand arriving from origin 7.
For intermediate nodes that are neither origin r nor destinations, the inflow and outflow with
origin 7 must match. This formulation accurately captures the distribution of flow across links

for each OD pair.
Note that the two problems (11) and (13) provide the same link flow rates as proven in the

following lemma:

Lemma 2 The solution x* of (13) provides the unique link flow rate g(x*) = (9:5(x*)) (i j)ec
which is equivalent to the equilibrium link flow rate y(f*) obtained from (11).

Proof See Akamatsu (1997).

This reformulation allows us to efficiently obtain the unique equilibrium link flow rate y by

solving (13), thereby facilitating analysis and estimation even for complex, large networks.



3 Estimation

In this section, we estimate the link cost function ¢;;(-). This function is critical for determining
the travel costs associated with each link in the network, allowing us to analyze the effects of
changes in traffic patterns and demand on overall route efficiency. We adopt the following
parametric representation, known as the BPR function (U.S. Bureau of Public Roads, 1964):

i

N\ B
tl-j(yij) = ﬂ'j <1 + o (ZJz]) ) V(Z,]) e L, (15)

where ¢;; denotes the free-flow travel time on link (7,7), p;; denotes the link capacity, and o
and 3 are parameters.

The BPR function, with commonly applied values of a = 0.15 and 8 = 4.0, is extensively
used in transportation modeling and practical transportation evaluations (e.g., Sheffi, 1985;
Small et al., 2024), even though equilibrium link flows under this specification may not always
align with observed data. Given data of {yij;, tij, tij } (i j)ec and {Q"*}(; s)cq, where Q™ denotes
the total travel demand for the OD pair (7, s) € €2, we estimate the parameter § = («, 3) that

is assumed to be common to all links.

3.1 Data

As a preliminary analysis, we conduct a numerical test on the proposed method below in which
the true value of 6 is known and set to § = (0.15, 4.0) using the Sioux Falls network dataset pro-
vided by Transportation Networks for Research Core Team (Accessed: September 22, 2024).
The Sioux Falls network consists of 24 nodes and 76 links (Figure 1). This dataset includes
the capacity pattern p = {1} (; j)er, the free flow travel time pattern € = {£;;}; j)ez, and the
OD demand pattern Q@ = {Q"* }(m)eg.:3 The dataset also includes the Nash equilibrium link
flow v = {vi;}(i jec when 6 = (0.15,4.0).* Figure 2 shows the Nash equilibrium link flow v.
The details of the Sioux Falls network dataset are shown in Appendix B.

3.2 Method
3.2.1 Likelihood function

To establish the likelihood function, we consider a stochastic evolutionary process in which
players gradually adjust their strategies. This approach is organized as a Markov chain, where
its stationary distribution serves as the likelihood function. Formally, let {F, ctg}tzo be a Markov
chain over Fg. Each player receives a revision opportunity based on an independent Poisson

process with a rate of 1. Collectively, revision opportunities for players follow a Poisson process

3The OD demand Q"¢ is related to ¢"* by Q"* = Qq"* where Q = E(m)EQ Q"°.
4The link flow v;; is related to the link flow rate y;; by vi; = Quij.



with rate ), meaning that the expected duration for which the economy remains in a given
state is 1/Q.

When an agent receives a revision opportunity, the agent updates its path according to the
imitative logit protocol with noise level > 0 (Sandholm, 2010, Section 11.5.2).> The protocol
operates as follows: Suppose an agent (r, s) currently following path k € K" receives a revision

opportunity. Then, the agent switches to path ¢ € ™ with the following probability:

pii(fQ) expln'm* (fo + (e — €;))]

7S rs Y (16)
Y mercrs P (FQ) expln~t7ns (fo + & (ens — ;)]
where
QIG5 +1 .
r s — it £k,

pry(fq) denotes the probability that an agent (r,s) taking path £ € K" is selected as an
opponent of the revising player. In addition to the ) agents, one committed agent is assumed
to exist for each path. This explains the addition of 1 to @ f& in the numerator and of ||,
the total number of committed agents in the population (r,s), to @Qq¢"® in the denominator.
This is a technical assumption to ensure that a revising agent can switch to paths not selected
by any standard agents, thereby guaranteeing that the Markov chain has a unique stationary
distribution. Payoffs are evaluated based on the population states of standard agents.

Let 7,, denote the random time at which the n-th revision opportunity occurs. The proba-
bility that an agent (r,s) taking path k € K receives a revision opportunity is fg}g, thus, the
transition probability of {Fé"}neN is given by

1
Pr | Fy = fo + olet —et)

Fy = f@}

e PR e (fo + lep — ef))]
_ _ .
S meicrs Pl (FQ) explnLmrs (fo + S (ers — ef))]

(18)

According to Theorem 11.5.13 of Sandholm (2010), the stationary distribution of {Fg"} is
uniquely given by

no(fo) = 1@ explrpo(fo)l. (19)

for all fo € Fg, where kg is determined so that ) focFo pro(fo) = 1, and pg denotes the
probability distribution over states; thus it can be used as a likelihood function.

However, a computational difficulty arises due to the normalizing constant kg, because

The stationary distribution of the Markov chain given by (19) remains unchanged across the entire class of
imitative exponential protocols, including the imitative logit protocol.
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the probabilities over all possible states should be computed. This is well recognized in the
literature on the structural estimation of network games. Among others, Mele (2017) adopted
the Bayesian approach, where an advanced version of the Metropolis-Hasting algorithm was
used to bypass the computation of xq.

In our context of road traffic assignment, the total number of agents can be considered
large. We then consider the fact that éln pq is uniformly convergent in @, and the limit
function does not include the normalizing constant. Specifically, according to Theorem 12.2.7
of Sandholm (2010),

g max éln ne(fq) — 717 {p(fQ) - ;r}ggp(f’)}‘ = 0. (20)
Therefore, under the supposition that @ is sufficiently large, the log likelihood In pug(fq) is
proportional to n~! {p( fo) —maxgpcrp(f )}, which replaces the task of computing the nor-
malizing constant with the task of maximizing the potential function. In general, maximizing
a function is not an easy task. However, as observed in Section 2, p(f) depends on f only
through link flow rates y: p(f) = g(y(f)), where g(y) is defined by (12), and g is strictly
concave. In addition, by Lemma 2, the maximizer of g is the unique link flow induced by the
Nash equilibrium of . Regarding the noise level > 0, we normalize it to 1. Therefore, our

log-likelihood function is given by

((0y) = g(y) — max g(y'), (21)
y'ey
where Y = {y € Rl : 3f ¢ F,y = Af}. Then we search for the maximum likelihood

estimator 6 € argmaxy £(f]y). Given the strict concavity of g, this is practically feasible.

3.2.2 Bootstrap method

To compute the standard errors for the estimator é, we use a parametric bootstrap method.
Specifically, for each b =0,1,2, ..., B, we generate a bootstrap dataset f& ~ [ig, which follows
the distribution in (19), with the potential function evaluated at 6. Next, We compute the
estimate #° using the maximum likelihood method described in the previous subsection.
Sampling from fip presents computational challenges due to the normalizing constant, as
previously noted. To address this issue, we use the Markov chain defined in (18), which is
evaluated at 6. This Markov chain is constructed to have fig as its stationary distribution;
thus, we generate population states according to (18), starting from an initial state fézo). As
discussed in Sandholm (2010), the imitative logit protocol can be interpreted as a process of
repeated sampling in which a revising agent randomly selects an opponent until deciding to

adopt one of their paths. Therefore, the following steps are performed for t = 0,1,2,... given
t
£

11



1. Draw a path according to the distribution fg)

2. Suppose the selected path denoted by k belongs to the action set of the population (r, s).
Repeat the following steps until a new path is selected (cf. Izquierdo et al., 2019, Section
2.3):

(a) Randomly set an aspiration level v €  [0,Ymax|, Where “Ymax
max,,ejcrs exp[mrs (fg) )]

(b) Draw a candidate path £ € K™ according to the distribution {p}? ( fg ))}melcrs.
(¢) Switch to path ¢ if exp [Wgs (fg) + %(e’f — 625)):| > .

3. Let £ € K™ be the path determined in the above step. Update the state as fgﬂ) =

1§+ blep — e,

In general, a burn-in period is used to allow the Markov chain to approach its station-
ary distribution. To skip the burn-in period, we initialize the process by the equilibrium
path flow rate fp. However, as discussed in Section 2, the equilibrium path flow rate fg
is not generally unique. Rather than relying on the potential game approach, we use iTA-
PAS (Xie and Xie, 2016), a path-based algorithm for solving the user equilibrium (UE) as-
signment or the Nash equilibrium of the game w. Among the potential multiple equilibria,
the path flows obtained via iTAPAS are consistent with those that maximize the entropy
=2 (rs)eq 2okercrs [i [ fi*], which is commonly referred to as the "most likely path flows"
(e.g., Bar-Gera, 2010; Xie and Xie, 2016).

To ensure sufficient switches, we treat the trajectories of the Markov chain as bootstrap
samples every 500 periods.® Specifically, we set fg = fé;OOb) for b=10,1,2,...,B, and use
B = 300, which requires simulating the Markov chain for 500 x 300 (= 150, 000) periods.

3.3 Results

To solve the parameter estimation problem, we develop a hierarchical optimization algorithm
that combines the conjugate direction Frank—Wolfe method (Mitradjieva and Lindberg, 2013)
and Barzilai-Borwein method (Barzilai and Borwein, 1988). The developed algorithm allows
us to rapidly and stably estimate the parameters. The details of the algorithm are presented
in Appendix A. Using the developed algorithm, we perform the non-parametric bootstrap
method. In other words, we solve the parameter estimation problems for 300 samples and
obtain 300 parameters (a(l), 5(1)), cee (a(SOO),B(?’OO)).

Figures 3 and 4 show the estimated values of « and § for each sample. Table 1 summarizes
the estimation results. The table shows the mean, standard deviation, maximum, and minimum

values of the estimated parameters. The table also shows the quartiles and 0.25% and 97.5%

SBecause the network in our data has 528 ODs, this approximately means that, on average, there is one
switch in each population.
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Figure 1: Sioux Falls network Figure 2: UE flow pattern

Table 1: Summary of the estimation results
mean std min  25% 25.0% 50.0% 75.0% 97.5% max

o 0.151 0.003 0.142 0.150 0.1560 0.151 0.151 0.158 0.182
B 3.987 0.027 3.721 3.925 3.988 3.991 3.994 4.001 4.056

tile values. For all samples, the estimated parameters o and (8 are close to 0.15 and 4.0,
respectively. In addition, the minimum and maximum values of the estimated results are
not extreme outliers. Figures 5 and 6 illustrate the changes in the variance of the estimated
parameters as the number of samples increases. For both « and (3, the variance is nearly stable
at 300 samples, even though there are slight variations up to 300 samples. These results imply
that the non-parametric bootstrap method enables stable parameter estimation with almost
300 samples.

Figure 7 shows the joint distribution of the estimated values of a and 8. The main area
of the figure shows scatter plots of the estimated values for 300 samples, and the outside of
the main area shows the surrounding distribution (histogram). The 95% confidence interval
between the 0.25% and 97.5% tiles is indicated in gray, and the area where the a and 8 95%
confidence intervals overlap is expanded. The distributions of both the estimated values of «

and S are unimodal.
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4 Congestion pricing

The equilibrium of our model is generally inefficient due to negative externalities caused by
congestion. To address this inefficiency, the planner aims to internalize these externalities by
introducing congestion tolls, thereby reducing the social costs associated with traffic congestion.
However, if the planner inaccurately estimates the external costs of congestion, congestion
pricing may be unable to achieve an efficient allocation of agents.

This section evaluates the effectiveness of congestion tolls based on the estimated param-
eters discussed in Section 3, demonstrating the accuracy and practical applicability of our
method. To this end, we first investigate the properties of the optimal congestion tolls in
Section 4.1 and then analyze the effect of setting congestion tolls using estimated parameters,
which may include errors, in Section 4.2. As discussed in the previous section, we assume that
Q is sufficiently large; thus, our model can be considered a continuum-population game in this

section.
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4.1 Optimal congestion tolls

We define efficiency in terms of an aggregate payoff function P(f), which can be defined as

follows:

P(fy= > > w(f)- £

(r,s)eQ kekKrs

== > i) v (). (22)

(i.j)€L

This expression shows that the total travel cost 3 ; -y tij (i (f)) - ¥i; (f) is minimized at the
social optimum. Because the total travel cost is directly affected by the link flow rates y(f)
rather than the population state f, the aggregate payoff function can be equivalently redefined
as G(y(f)), which is similar to the potential function.

Gly)=— Y tijiy) vis(£). (23)

(3,9)eL

tij(yij) is a strictly increasing and convex function; thus, the Hessian matrix V2G(y) is negative

definite, while V2P(f) is not. Thus, we obtain the following proposition.

Proposition 2 The link flow rate y(£°) = (yi;(£°)) i jyec is uniquely determined at the social

optimum, while the population state f° is generally non-unique.

The optimal congestion toll ¢;® for agent (7, s) € © using path k € K is given by

9G(y(f°))
028 — W]:S(fo) _ Tgs
= D i (F) -y (F) - 655 (24)
(i,5)eL
where t;j (yij) = %Zy]”) The above equation, along with Proposition 2, implies that the opti-

mal toll levels depend only on the optimal link flow rates y(f°) and are uniquely determined. In
addition, (24) reveals that ¢}° is separable with respect to each link (4, j). Therefore, the planner
can internalize the congestion externalities by introducing the following tolls 7¢ = (T{})(i,j)e r

for the use of each link (4, j):
5 =t (i (F)) - vii (). (25)

The optimal congestion toll 7° is effective for achieving the social optimum. To demonstrate
this, we consider a situation in which the cost for traversing the link (7, j) is given by t;;(yi;) +

Tij, implying that the payoft 7 T7°) for agent (7, s) selecting pa € is expressed as
7, implying that th ff 77 o) f t lecti th ke K" i d
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follows:

A1) == D> b () + 75} 555 (26)

(i,7)eL

Because 7° is independent of the population state f, game 7 (7°) is a potential game with the

following potential function g(y(f) | 7°):

() ) =g+ > mui(f). (27)

(i,5)eL

Because 7° is given by (25), the optimal population state f¢ satisfies the KKT conditions for
the maximization problem maxyser §(y(f) | 7°), implying that f° is an equilibrium of game
7. V2g(y | 7°) = V2g(y) is negative definite, whereas V2g(y(f) | 7°) is not. Therefore, we

obtain the following proposition.

Proposition 3 In the continuum-population game 7 (7°), the equilibrium population state f*
is generally non-unique. However, the equilibrium link flow rates y(f*) are uniquely determined

and are equivalent to y(f°).

This result indicates that the planner can achieve optimal allocation by introducing the optimal
congestion tolls 7°.

Directly computing the optimal link flow rate y(£°) or y(f*) is infeasible, because defining
f requires enumerating all possible paths in the network. In Section 2, we addressed this
challenge in the potential maximization problem by reformulating it in terms of link flow
rates by each origin rather than individual paths. Similarly, we reformulate the problem of
maximizing G(y(f)) or g(y(f) | 7°) to avoid explicit path enumeration. The reformulation

results in the following link-based optimization problems:

61@%}573‘ G(y(x)) s.t. (13b), (28a)
;[r{l\%)x(m g(y(x) | ) s.t. (13b). (28b)

This approach enables efficient computation of the optimal link flow rate g(x®), which is
equivalent to y(f°) and y( f*), thereby facilitating the analysis and application of congestion

tolls in large networks.

4.2 Effects of congestion tolls based on estimated parameters

When setting optimal congestion tolls, the planner needs precise values of the link cost func-
tion parameters, because these values determine the external costs of congestion. However,

evaluating the accuracy of the estimates of these parameters can be challenging, even if the
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precise values are known. Even a small estimation error may yield congestion tolls that fail to
improve the total travel cost. Because of this sensitivity, improvements in the total travel costs
due to congestion tolls are a practical measure of the accuracy of the parameter estimates: if
the estimated values are sufficiently precise, we expect substantial improvements, indicating
that the congestion tolls are near-optimal.

In this analysis, we use 300 bootstrap samples of the estimated parameters obtained in
Section 3 to calculate the distribution of the total travel cost improvements. This distribution
reflects the robustness of the parameter estimates and provides insights into the practicability
of congestion tolls set using these values.

We assume that for each bootstrap sample, the planner sets the congestion toll T(H(”))
using the estimated parameters o) — (a("),ﬂ(")), whereas the true parameter values are
6* = (0.15,4.0). Specifically, the planner solves the problem (28) using the parameters (™) to
obtain the optimal link flow rate §(2°(6)) and then sets

(29)

R 5(71)
§ij(x°(6™)) '
Hij

71 (0™) = £ M (

Because agents select their paths to minimize travel costs under the parameters 0%, the actual
optimal congestion toll is 7° = 7(#*) but not 7(6(™), implying that the planner cannot achieve
the social optimum.

With this setup, we evaluate changes in the total travel cost resulting from introducing the
non-optimal congestion toll 7(). Let g(z*(7(6))) denote the equilibrium link flow rate
of game 7 (7(0™)) under the true parameters *. This link flow rate is calculated by solving
the maximization problem (28b) and replacing the potential function with g(a | 7(™)). The
total travel cost T'(7(6(™)) at the equilibrium of game #(7(0(™)) is given by

T(r(0™) = Y tij(@i;(@"(6™)) - gij (" (6™)) (30)

(1,5)EL

The equilibrium link flow rate without congestion tolls corresponds to g(x*(0)); thus, the
improvement in the total travel cost resulting from introducing the congestion toll T(Q(")) for

the (n)-th bootstrap sample is given by

T(r(0™)) - 1(0)
7(0)

R™ = x 100, (31)
where R denotes the rate of change in the total travel cost caused by introducing the
congestion toll 7(6(). We also define the rate of change in the total travel cost when the
congestion toll 7(6*), based on the exact parameter, is implemented as follows:

T(7(0%)) —T(0)

R* = 70 x 100. (32)
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Figure 8: Efficiency of congestion tolls based on estimated parameters
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Figure 8 shows a scatter plot illustrating the distribution of improvements in the total travel
cost (R™ values) across all bootstrap samples and R*, with 0.25% and 97.5% tiles indicated
by dashed lines. The result shows that across all samples, the tolls based on the estimated
parameters reduce the total travel cost by approximately 3.8%. This result indicates that

congestion tolls based on estimated parameters improve efficiency nearly as much as those

based on the exact parameters.
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5 Conclusion

This paper presented a structural estimation approach for evaluating congestion externalities in
transportation networks by modeling travelers’ route choices as a stochastic evolutionary game.
We demonstrated the effectiveness of the proposed estimation method by accurately identifying
the parameters of the BPR function from the simulated traffic data. Using bootstrap sampling,
we confirmed the robustness and consistency of the estimated values across various samples.
The proposed approach accounts for the complexities of route choices and congestion impacts
on travel costs, providing a robust method for estimating the parameters of the link cost
function.

In addition, this paper evaluated the impact of setting congestion tolls based on these esti-
mated parameters, including the sensitivity of the total travel cost improvements to estimation
accuracy. Our results reveal that even with estimation errors, congestion tolling based on the
proposed approach significantly reduces the total travel cost across all bootstrap samples. This
result highlights the resilience of the proposed method to estimation deviations, demonstrating
its practical viability for improving network efficiency even with imperfect parameter precision.

These results contribute to an accurate and practical estimation method that can improve
the efficiency of congestion pricing strategies. Demonstrated in a simulated environment, the
proposed approach represents a first step toward future studies using real-world traffic data,
such as data from fixed traffic detectors and probe vehicles. As a next step, applying the
proposed model to actual road networks will enable its validation under varied, real-world

conditions and provide insights into optimizing congestion tolls on a larger scale.
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A Algorithm

A.1 Hierarchical algorithm

This section presents a hierarchical algorithm for solving the parameter estimation problem
that maximizes log-likelihood function (21). The algorithm integrates the conjugate direc-
tion Frank—Wolfe method (Mitradjieva and Lindberg, 2013) and Barzilai-Borwein method
(Barzilai and Borwein, 1988). By combining these two methods hierarchically, the algorithm
achieves both efficiency and accuracy.

The estimation problem is written as follows:

_ !
;rel?é- f(G\y)—g(y\B)—g}g 9(y' | 0). (33)

We decompose the problem into the master and sub-problems as follows:

[Master| max. K0 |y)=9(y|6)-g"(0) (34)
[Sub 9"(0) =max. g(y'|0) (35)
y'ey

where ¢*(0) denotes the optimal value function of the sub-problem. The sub-problem [Sub]
is a standard UE assignment and is a convex optimization problem. In contrast, the master
problem [Master| is a non-negative constrained optimization problem. We apply the conjugate
direction Frank—Wolfe method for the sub-problem [Sub| and the Barzilai-Borwein method for
the master problem [Master|.”

The conjugate direction Frank—Wolfe method for the UE problem is proposed
by Mitradjieva and Lindberg (2013). This algorithm uses the classical Frank—Wolfe and con-
jugate directions to update the variables. By combining the two directions, the algorithm can
avoid a part of the zigzag phenomenon around the final solution.

The Barzilai-Borwein method is designed for unconstrained optimization. This method is
an iterative gradient descent method that uses the step sizes derived from the linear trend of
the most recent two iterates. The algorithm is shown in Algorithm 1. At step 2 in Algorithm 1,
the gradient V/(0 | y) can be calculated in the following processes. Based on the envelope

theorem, we obtain the gradient of the optimal value function of the sub-problem as follows:

dg*(0) A
9 Z tz]myij <~ ; (36)

(i.j)eL Hij

"Both methods were originally designed for minimization problems. We adapt these methods to our maxi-
mization problem by reversing the sign of the objective function and converting the maximization problem into
a minimization problem.
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Algorithm 1 Barzilai-Borwein method

Input: 0 ¢ R%_
1: for k=1,2,...do
2. Compute V£(8"¥) | y) by solving the sub-problem
3. Compute a®) by Eq.(41)
4 0D« max {0, 0% +aPveO®) | y))
5
6

Check the stop criterion
: end for
Output: 8%

dg"(6) ol <y)ﬂ <y) 1 (y;z-)ﬂ
= Y weyl | o (2] () - g (22 37
a8 ~ 1M 1 3 fij fij (B+1)? \ fuiy (37)
(i,9)eL
x \ B *
Z _ 1 Y, s Y,;s 1
(qer B+1\ fuij ey p+1

where fi;; denotes the relative capacity, i.e., fi;; = pi;/Q. Using Vp*(80), we obtain

* \ B

(9’y <ylj>ﬁ - 1 * <yz>
- a5 tz D - + ti'i i\ = 39

oo (;L 3/3+1y3 ) 'Zﬁ 15+1y3 ii; (39)
() ()4
aas - tz ay; - | = 5 5

95 (i%ﬁ ! yf5+1 fij)  B+1

x \ B *
_ 1 Yis Y, s 1
- ot () o (5) )
(hec B+ 1\ fu [hi p+1
(40)
The step size a(¥), at step 3 in Algorithm 1, is determined as follows:
ok _ g=11T [wpo®)) — we(olk—1)

NCp— | [Vae™) - v )] Vk=2,3,... (41

[Ve(6®) — ve@r=1)]T [we(e®)) — veek-1))]
At step 4 in Algorithm 1, the variables are updated using the step size. In this step, the
projection onto the nonnegative area is performed simultaneously.
A.2 Numerical example

This section presents a numerical example to demonstrate the efficiency and accuracy of the
algorithm. Specifically, we demonstrate the parameter estimation results when the observation
flow pattern is the UE flow pattern, as calculated using iTAPAS in Section 3.2. Because the

observation flow is the UE flow, the actual parameter values (i.e., a* = 0.15 and 5* = 4.0) are
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expected to be estimated.

We solve the parameter estimation problem based on the above settings using the hierar-
chical algorithm. Consequently, we obtain the estimated values & = 0.1498 and B = 4.0010.
The number of iterations of the Barzilai-Borwein method for the master problem is 54, and
the calculation wall time is 11.3 [s]. Figure 9 illustrates the value of £(8%) | y) during the
iteration of the Barzilai-Borwein method for the master problem. The value of £(8%) | y)
increases with some oscillation. Figure 10 shows the solution trajectory during the algorithm
iteration. In the figure, the contour lines of ¢(@ | y) are colored. The blue and red stars
represent the initial solution (i.e., o(® = 0.45, 3 = 2.5) and the true value of the parameter
(i.e., a* = 0.15, B* = 4.0), respectively. These results demonstrate that the proposed method

is fast and accurate in parameter estimation.

23



B Data details

Tables 2, 3, and 4 show detailed information about the Sioux Falls network data provided by

Transportation Networks for Research Core Team.

C Proofs

C.1 Proof of Lemma 1

Because fy”(fQ tij(z)dz = Zlef(fQ) I 1 tij(5)dz and tw(%) = % tij(g)dz,

ngg < > 22 ) /Oyme) o dZ_ngQ / [” <Q) —tij(z)] dz (42)

v=1

By the mean value theorem, there exists ¢, € [z, §] such that t;;(5) — ti(2) = (g — 2)ti;(co).

Therefore,
Qi (fQ) g Quij (@) v
v\ 1 vij (fQ) 5 /v
tii |l =) =— tij(z)dz| < tgzcu/ (—z)dz
> (5)s- [ we > fte [ (3
Qui; (fQ) 1
o /
= ; \tij(cuﬂTQg

vij (fQ) max |
2Q €0y (fo)]

IN

ti;(x)] = 0as Q = oo.
(43)

O

C.2 Proof of Proposition 1
Let p(y) be a function of y corresponding to the potential function (9):
Yij
Z / tij (44)
(i,7)EL

p is strictly concave because the Hessian matrix of p is negative definite.
dti;(yis) . . 2oa
82}5(3/) . - <0 if (Zaj) = (27.7)7

dyij (45)

Yij0y;; 0 otherwise.

This implies that the link flow rate y* that maximizes the potential function (9) is uniquely de-
termined. The uniqueness of the link flow rate y* implies that all link costs ¢ = (%:;(i5) (i j)ec)
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Figure 11: simple network

and the travel costs C are also uniquely determined at the equilibrium.

However, the equilibrium state f* is generally non-unique, as demonstrated in Sheffi (1985).
This non-uniqueness occurs because multiple path flow rates can produce the same link flow
rate y. This is illustrated using a simple network with = {(1,6), (2,6)} in Figure 11. If the

link flow pattern is given by

Yi2 = qi6, Y13 = @26, Y34 = Ya6 = Y1 < Q16 + @26, Y35 = Ys6 = Q16 + q26 — Y1,  (46)

this link flow pattern can be achieved by any path flow pattern f that satisfies

for the path 1 — 3 — 4 — 6,
it = ' ’ (47a)
qi6 — ¢ for the path 1 -3 — 5 — 6,
Y1 - for the path 2 -3 — 4 — 6,
I P .
g26 — Y1+ for the path 2 =3 — 5 — 6,
with ¢ € [max{0,Y] — ¢26}, min{Y1, qi6}]. 0
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Table 2: Link information

link id | start end capacity p;; fIt t;; || link id | start end capacity p;; It &5
0 1 2 25900.200 6 38 13 24 5091.256 4
1 1 3 23403.470 4 39 14 11 4876.508 4
2 2 1 25900.200 6 40 14 15 5127.526 5
3 2 6 4958.181 5 41 14 23 4924.791 4
4 3 1 23403.470 4 42 15 10 13512.000 6
5 3 4 17110.520 4 43 15 14 5127.526 5
6 3 12 23403.470 4 44 15 19 14564.75 3
7 4 3 17110.520 4 45 15 22 9599.181 3
8 4 5 17782.790 2 46 16 8 5045.823 5
9 4 11 4908.827 6 47 16 10 4854.918 4
10 5 4 17782.790 2 48 16 17 5229.910 2
11 5 6 4947.995 4 49 16 18 19679.900 3
12 5 9 10000.000 5 50 17 10 4993.511 8
13 6 2 4958.181 5 51 17 16 5229.910 2
14 6 5 4947.995 4 52 17 19 4823.951 2
15 6 8 4898.588 2 53 18 7 23403.470 2
16 7 8 7841.811 3 54 18 16 19679.900 3
17 7 18 23403.470 2 55 18 20 23403.470 4
18 8 6 4898.588 2 56 19 15 14564.750 3
19 8 7 7841.811 3 57 19 17 4823.951 2
20 8 9 5050.193 10 58 19 20 5002.608 4
21 8 16 5045.823 5 59 20 18 23403.470 4
22 9 5 10000.000 5 60 20 19 5002.608 4
23 9 8 5050.193 10 61 20 21 5059.912 6
24 9 10 13915.790 3 62 20 22 5075.697 5
25 10 9 13915.790 3 63 21 20 5059.912 6
26 10 11 10000.000 5 64 21 22 5229.910 2
27 10 15 13512.000 6 65 21 24 4885.358 3
28 10 16 4854.918 4 66 22 15 9599.181 3
29 10 17 4993.511 8 67 22 20 5075.697 5
30 11 4 4908.827 6 68 22 21 5229.910 2
31 11 10 10000.000 5 69 22 23 5000.000 4
32 11 12 4908.827 6 70 23 14 4924.791 4
33 11 14 4876.508 4 71 23 22 5000.000 4
34 12 3 23403.470 4 72 23 24 5078.508 2
35 12 11 4908.827 6 73 24 13 5091.256 4
36 12 13 25900.200 3 74 24 21 4885.358 3
37 13 12 25900.200 3 75 24 23 5078.508 2
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Table 3: OD demand {Q"*} in SiouxFalls network (1-12)

O/D 1 2 3 4 5 6 7 8 9 10 11 12
1 0 100 100 500 200 300 500 800 500 1300 500 200
2 100 0 100 200 100 400 200 400 200 600 200 100
3 100 100 0 200 100 300 100 200 100 300 300 200
4 500 200 200 0 500 400 400 700 700 1200 1400 600
5 200 100 100 500 0 200 200 500 800 1000 500 200
6 300 400 300 400 200 0 400 800 400 800 400 200
7 500 200 100 400 200 400 0 1000 600 1900 500 700
8 800 400 200 700 500 800 1000 0 800 1600 800 600
9 500 200 100 700 800 400 600 800 0 2800 1400 600
10 1300 600 300 1200 1000 800 1900 1600 2800 0 4000 2000
11 500 200 300 1500 500 400 500 800 1400 3900 0 1400
12 200 100 200 600 200 200 700 600 600 2000 1400 0
13 500 300 100 600 200 200 400 600 600 1900 1000 1300
14 300 100 100 500 100 100 200 400 600 2100 1600 700
15 500 100 100 500 200 200 500 600 1000 4000 1400 700
16 500 400 200 800 500 900 1400 2200 1400 4400 1400 700
17 400 200 100 500 200 500 1000 1400 900 3900 1000 600
18 100 0 0 100 0 100 200 300 200 700 200 200
19 300 100 0 200 100 200 400 700 400 1800 400 300
20 300 100 0 300 100 300 500 900 600 2500 600 500
21 100 0 0 200 100 100 200 400 300 1200 400 300
22 400 100 100 400 200 200 500 500 700 2600 1100 700
23 300 0 100 500 100 100 200 300 500 1800 1300 700
24 100 0 0 200 0 100 100 200 200 800 600 500

Table 4: OD demand {Q"*} in SiouxFalls network (13-24)

O/D 13 14 15 16 17 18 19 20 21 22 23 24
1 500 300 500 500 400 100 300 300 100 400 300 100
2 300 100 100 400 200 0 100 100 0 100 0 0
3 100 100 100 200 100 0 0 0 0 100 100 0
4 600 500 500 800 500 100 200 300 200 400 500 200
5 200 100 200 500 200 0 100 100 100 200 100 0
6 200 100 200 900 500 100 200 300 100 200 100 100
7 400 200 500 1400 1000 200 400 500 200 500 200 100
8 600 400 600 2200 1400 300 700 900 400 500 300 200
9 600 600 900 1400 900 200 400 600 300 700 500 200
10 1900 2100 4000 4400 3900 700 1800 2500 1200 2600 1800 800
11 1000 1600 1400 1400 1000 100 400 600 400 1100 1300 600
12 1300 700 700 700 600 200 300 400 300 700 700 500
13 0 600 700 600 500 100 300 600 600 1300 800 800
14 600 0 1300 700 700 100 300 500 400 1200 1100 400
15 700 1300 0 1200 1500 200 800 1100 800 2600 1000 400
16 600 700 1200 0 2800 500 1300 1600 600 1200 500 300
17 500 700 1500 2800 0 600 1700 1700 600 1700 600 300
18 100 100 200 500 600 0 300 400 100 300 100 0
19 300 300 800 1300 1700 300 0 1200 400 1200 300 100
20 600 500 1100 1600 1700 400 1200 0 1200 2400 700 400
21 600 400 800 600 600 100 400 1200 0 1800 700 500
22 1300 1200 2600 1200 1700 300 1200 2400 1800 0 2100 1100
23 800 1100 1000 500 600 100 300 700 700 2100 0 700
24 700 400 400 300 300 0 100 400 500 1100 700 0
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