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1 Introduction

A growing body of empirical evidence using aggregate and firm-level data has demonstrated that
country size has a critical impact on the domestic trade share, one of the sufficient statistics for
welfare along with the trade elasticity (Arkolakis et al., 2012). For example using aggregate data
on manufacturing for 25 countries, Eaton and Kortum (2011) show that larger countries tend to
buy much more products from the domestic market than smaller countries. Using firm-level data
on manufacturing, Bernard et al. (2007) and Mayer and Ottaviano (2008) show a similar trend
in the United States and European countries respectively in that larger countries tend to have a
larger fraction of firms that sell their products for the domestic market than smaller countries.
These pieces of evidence indicate that country size has an opposite effect on the domestic trade
share to trade liberalization (i.e., the share is higher, the larger and the less open are countries),
even though both are associated with sources of competitive pressures on the domestic market.

In this paper, we explore the mechanism through which country size and trade liberalization
work differently on firm selection, welfare gains and optimal policy in recent trade models with
imperfect competition and heterogeneous firms. As in most of these models in the literature, we
employ an asymmetric-country version of the Melitz (2003) model with monopolistic competition
and CES preferences. One of the well-known drawbacks in this framework is that firms’ markups
are constant which implies under firm heterogeneity that country size has no selection effects.
To achieve our goal mentioned above, we make three key departures from the existing models.
First, we develop a general model without imposing specific parameterizations to a productivity
distribution. Second, we drop the assumption of a freely traded outside good sector, which makes
factoral terms-of-trade (i.e., wages) endogenous. Finally, we analyze not only iceberg trade costs
but also import tariffs that raise government revenue. These distinctions jointly help understand
the role of two competitive pressures in generating different effects in a single unified setting.

We show that unilateral trade liberalization entails selection effects but unilateral market
expansion entails anti-selection effects in a country of origin. Unilateral reductions in trade costs
lower (raise) expected profit in a liberalizing (non-liberalizing) country, which directly induce less
(more) firms to enter there. With endogenous wages, such reductions worsen the terms-of-trade
(i.e., lower the relative wage) and raise expected profit in a liberalizing country, which indirectly
induce more (less) firms to enter in a liberalizing (non-liberalizing) country. In equilibrium, the
indirect effect through the terms-of-trade outweighs the direct effect in a liberalizing country but
the converse is true for a non-liberalizing country, and thus unilateral trade liberalization brings
about intense competition in both countries, raising the cutoff at which least productive firms can
survive. Unilateral expansions in market size, in contrast, do not directly affect expected profit
due to the restrictive feature of monopolistic competition and CES preferences. Such expansions
affect expected profit only through the terms-of-trade by raising wages as in Krugman (1980),
which indirectly induce less (more) firms to enter in an expanding (non-expanding) country and
hence unilateral market expansion entails anti-selection effects in a country of origin.
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Our finding for the market size effect on selection contradicts that in Melitz and Ottaviano
(2008). The reason stems from an outside good sector incorporated into their model in addition
to a differentiated good sector, as shown by Demidova and Rodrı́guez-Clare (2013) for unilateral
trade liberalization, and this claim applies to unilateral market expansion. With an outside good,
the difference in country size allows for a home market effect on trade patterns by muting the
factoral terms-of-trade so that a larger (smaller) country specializes in a differentiated (outside)
good, stimulating firm entry in respective sectors. Without an outside good like ours, in contrast,
country size has an endogenous effect on wages, changing firm entry as well as trade patterns.
Thus it is not surprising that our model gives a different effect of market size on selection from
Melitz and Ottaviano (2008), confirming that we have to be careful about under which conditions
this popular assumption enables us to innocuously abstract from wage channels.1 As for welfare,
although a larger country exhibits lower productivity (associated with anti-selection effects), the
country enjoys welfare gains in free trade because a negative impact on declined productivity is
dominated by a positive impact on increased product variety.

Given the different effects of unilateral trade liberalization and unilateral market expansion
on firm selection, what can we say about their policy implications? In the last part of the paper,
we show that the effects are important for the characterization of optimal tariffs. In our model,
the optimal tariff in a country is inversely related to its trading partner’s export supply elasticity,
which is composed of the domestic trade share and the trade elasticity, as in the existing models.
See, for example, Gros (1987) for a homogeneous firm model and Felbermayr et al. (2013) for a
heterogeneous firm model. In contrast to these papers, however, trade liberalization and country
size do not always lead to higher optimal tariffs in this paper. From the policy point of view, the
market size effect on optimal tariffs is of particular interest: a larger country does not necessarily
benefit from setting higher tariffs. Our model predicts that a larger country accommodates more
inefficient firms in the domestic market by anti-selection effects. While the larger country enjoys
terms-of-trade gains by setting higher tariffs, this also accelerates welfare losses from protecting
inefficient firms. We show that if the trade elasticity is constant, the optimal tariff increases with
country size as in the previous literature, which means that the terms-of-trade effects dominate
the anti-selection effects; however, if the trade elasticity is variable and differs across markets
and levels of trade costs as found by empirical work (e.g., Helpman et al., 2008; Novy, 2013), the
converse can be true identifying a potential importance to reconsider existing implications.

To appreciate the mechanism of our policy result, following Chaney (2008), let us decompose
the trade elasticity into the intensive margin elasticity and the extensive margin elasticity where
the former refers to the elasticity of each incumbent firm’s shipment whereas the latter refers to
the elasticity of new entrants’ shipment. Since the intensive margin elasticity is constant under
monopolistic competition and CES preferences, the variable nature of the trade elasticity comes
from the extensive margin elasticity, which depends crucially on the micro structure of the model.

1Our setting also differs from Melitz and Ottaviano (2008) in preferences that generate constant/variable markups,
but the absence of an outside good can reverse their result even with quadratic preferences; see Demidova (2017).
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In a homogeneous firm model where all firms export, there is no adjustment margin from entry
of new firms (i.e., the extensive margin elasticity is zero) and thus the trade elasticity is the same
as the intensive margin elasticity. In a heterogeneous firm model with an untruncated Pareto
distribution, the extensive margin elasticity is constant (Chaney, 2008) and the trade elasticity
is constant as well. In these special cases, country size affects the optimal tariff only through
the domestic trade share, so that the optimal tariff increases with country size (e.g., Gros, 1987;
Felbermayr et al., 2013). The result however does not generally hold and, even with a slight
generalization of this distribution to truncated Pareto with a finite upper bound, the extensive
margin elasticity is variable and so is the trade elasticity. In this more general case, country size
affects the optimal tariff not only through the domestic trade share but also through the trade
elasticity. Due to this additional channel that previous work has not taken into account, we find
that the optimal tariff does not necessarily increase with country size.

A number of papers have explored welfare and policy implications in the Melitz (2003) model.
Regarding welfare implications, Arkorakis et al. (2012) derive a simple formula that can capture
welfare gains by the two sufficient statistics, which applies to an important class of trade models,
and followup papers have examined the extension/robustness of the welfare result. For example,
Arkorakis et al. (2019) explore demand functions that yield variable markups, Felbermayr et al.
(2015) introduce tariffs that raise government revenue, and Melitz and Redding (2015) employ a
general productivity distribution that makes the trade elasticity variable. We demonstrate that
the welfare formula by Arkolakis et al. (2012) can be used to reconsider conventional wisdom of
optimal tariffs. In particular, conditional on the two sufficient statistics for welfare, the optimal
level of import tariffs is the same across across different trade models with a constant trade
elasticity, but more generally it depends on the micro structure that makes the trade elasticity
variable. We also show that firm heterogeneity outside a Pareto distribution can impact welfare
measurements as in Melitz and Redding (2015), but the scope of this paper differs from theirs
since we consider different effects between iceberg trade costs and import tariffs, and provide an
analytical solution of the optimal tariff without specifying a productivity distribution.

From policy perspectives, the literature has analyzed the optimal tariff in abridged versions
of the Melitz (2003) model. Demidova and Rodrı́guez-Clare (2009) compute the optimal tariff for
a small economy, Felbermayr et al. (2013) extend this result to a large country, and Demidova
(2017) expands it by using quadratic preferences that generate variable markups. Although they
find that the optimal level of import tariffs is strictly positive, the crucial assumption made by
all of these papers is to constrain the distribution of firm productivity to be untruncated Pareto.
As shown by Melitz and Redding (2015), welfare changes are highly sensitive to this assumption,
and small deviations from this restriction lead to different welfare implications by making the
trade elasticity variable. We highlight this caveat by characterizing analytically optimal tariffs
with a general productivity distribution and an endogenous wage, adopting the technique known
as the exact hat algebra in the literature.2

2See Ossa (2016) for a recent survey using this technique that applies for the analysis of optimal tariffs.
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2 Model

2.1 Setup

Consider the Melitz (2003) model with two asymmetric countries i, j and one differentiated good
sector. Country i is populated by a mass Li of identical consumers whose preferences are

Ui =

( ∑
n=i,j

∫
ω∈Ωn

qni(ω)
ρdω

)1/ρ

, 0 < ρ < 1,

where an elasticity of substitution between varieties is σ = 1/(1−ρ) > 1. Throughout this paper,
we denote the exporting (importing) country by the first (second) subscript and hence qji(ω) is a
quantity shipped from country j to country i. As is well-known, utility maximization subject to
budget constraint yields the demand for variety ω:

qji(ω) = RiP
σ−1
i (pji(ω))

−σ,

where Ri is aggregate expenditure of consumers and Pi is an associated price index in country i.
Defining an aggregate good Qi ≡ Ui, these satisfy PiQi = Ri.

To produce varieties, upon paying fixed entry costs fe
i (measured in country i’s labor units

with wages wi), a mass M e
i of firms draw productivity φ from a distribution Gi(φ) with support

(φmin, φmax), where the upper bound is either finite (φmax < ∞) or infinite (φmax = ∞). If a firm
from country j chooses to serve for country i, it pays variable trade costs θji ≥ 1 (with θjj = 1) and
fixed trade costs fji (both measured in country j’s labor units with wages wj). A government in
each country imposes import tariffs on foreign varieties and the above firm also pays ad valorem
tariffs τji = 1 + tji, where τji ≥ 1 (with τjj = 1). Tariffs are assumed to be imposed before each
firm sets markups, i.e., tariffs are modeled only as cost shifters thereby ignoring demand shifters
(see Felbermayr et al. (2015) for these differences). Consequently country i’s government collects
tariff revenue (τji − 1)pji(ω)/τji per unit, so that the firm receives only pji(ω)/τji per unit.

Following Helpman et al. (2008) and Melitz and Redding (2015), it is useful to define

Ji(φ
∗) ≡

∫ φmax

φ∗

[(
φ

φ∗

)σ−1

− 1

]
dGi(φ),

Vi(φ
∗) ≡

∫ φmax

φ∗
φσ−1dGi(φ),

where Ji(φ
∗) and Vi(φ

∗) are strictly decreasing in φ∗.

2.2 Equilibrium Conditions

Under our preference assumption, a firm with productivity φ from country j to country i charges
a constant markup 1/ρ over marginal cost θjiwj/φ and tariffs τji, and hence pji(φ) = τjiθjiwj/(ρφ).
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Combining the variety demand, firm revenue net of tariffs rji(φ) = pji(φ)qji(φ)/τji is given by

rji(φ) = σBiτ
−σ
ji (θjiwj)

1−σφσ−1,

where

Bi =
(σ − 1)σ−1

σσ
RiP

σ−1
i

is the index of market demand. Since firm variable profit is rji(φ)/σ, the productivity cutoff that
satisfies zero profit (

rji(φ
∗
ji)

σ = wjfji) is implicitly defined as

Biτ
−σ
ji (θjiwj)

1−σ(φ∗
ji)

σ−1 = wjfji, (1)

which implies that (
φ∗
ji

φ∗
jj

)σ−1

=
τσjiθ

σ−1
ji fji

fjj

Bj

Bi
.

To ensure export market selection (φ∗
ji > φ∗

jj), we assume that relative market demand Bi/Bj –
proportional to relative country size Li/Lj – is not too different by imposing the restriction such
that trade costs are large enough to satisfy τσjiθ

σ−1
ji fji > fjj for i, j.

Free entry requires that the expected profits of entering the market in all operating countries
equal the fixed entry costs (

∑
n

∫ φmax

φ∗
in

( rin(φ)σ −wifin)dGi(φ) = wif
e
i ). Using the definition of Ji(φ∗)

in Section 2.1, the free entry condition in country i is∑
n=i,j

finJi(φ
∗
in) = fe

i . (2)

Next, we look at the labor market clearing condition. Labor is used for entry and production
(Li = M e

i f
e
i +

∑
n Lin). Using (1), (2) and the definition of Vi(φ

∗) in Section 2.1, the amount of
labor used in country i is expressed as (see Appendix A.1)

Li =
Ri − Ti

wi
,

where Ri =
∑

n τniRni is aggregate expenditure and Ti = (τji − 1)Rji is aggregate tariff revenue
(Rji is aggregate expenditure of goods from country j to country i net of tariffs). Country i’s wage
is thus determined by equality between aggregate expenditure Ri and aggregate labor income
wiLi plus aggregate tariff revenue Ti as in usual general-equilibrium trade models. It is possible
to show that the labor market clearing condition is equivalent with the trade balance condition
(Rij = Rji) in that both conditions induce the same equality, Ri = wiLi + Ti.

Let λji ≡ τjiRji/
∑

n τniRni denote the foreign trade share spent on goods from country j in
country i. Using this share, we can define the corresponding foreign trade share net of tariffs:

λ̃ji ≡
Rji∑
nRni

=
λji

τji(1− λji) + λji
,
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Not surprisingly, we have λ̃ji = λji if countries do not impose import tariffs (τji = 1). We also find
it useful for our analysis to define a “tariff multiplier” (Felbermayr et al., 2015), i.e., the ratio of
aggregate expenditure to aggregate labor income. Substituting λji into Ri = wiLi + (τji − 1)Rji,

µi ≡
Ri

wiLi
=

τji
τji(1− λji) + λji

,

where µi ≥ 1 as tariff revenue is redistributed to consumers and µi = 1 in the absence of tariffs.
Finally, using wiLi =

∑
nRin (labor income in country i consists of revenues earned by domestic

firms and exporting firms from country i) and Rij = Rji (trade is balanced between countries),
the labor market clearing or trade balance condition is expressed as

wiLi =
∑
n=i,j

λ̃inwnLn. (3)

Now, we are ready for the characterization of the important variables in general equilibrium.
For given exogenous variables, an equilibrium in levels can be defined as a set of {φ∗

ij , Bi, wi}
which are jointly characterized by (1), (2), and (3) for i, j, where wages in one of the countries
are normalized to unity by setting labor there as a numeraire. Once these endogenous variables
are determined, other endogenous variables are written as a function of the unknown variables.
Using the definition of Bi in (1), welfare per worker is expressed as follows (see Appendix A.2):

Wi =

(
Li

σfii

) 1
σ−1

(µi)
1
ρ ρφ∗

ii,

where µi enters the welfare expression because tariff revenue is rebated back to consumers.

3 Trade Liberalization

The previous section has defined the equilibrium conditions and equilibrium variables in levels.
This section will define the equilibrium conditions and equilibrium variables in changes. We first
examine the impact of changes in trade barriers, holding all other exogenous variables constant.
Demidova and Rodrı́guez-Clare (2013) study a welfare effect of asymmetric trade liberalization
in the Melitz (2003) model, dispensing with the assumption of an outside good. They show that
unilateral reductions in trade barriers on either exports and imports always increase welfare in
a liberalizing country, which stands in contrast to the presence of an outside good in the model
with CES preferences (Demidova, 2008) and quadratic preferences (Melitz and Ottaviano, 2008).
Here, with help of the exact hat algebra, we analytically show their result.3 More importantly,
we show in the next section that endogenous wages can reverse the impact of country size on
productivity, just as in the impact of trade liberalization on welfare.

3While the result in this section is not entirely new, the optimal tariff cannot be characterized without analytical
solutions using the exact hat algebra, which previous work has not computed in a general productivity distribution.
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Suppose that country i unilaterally reduces trade costs of importing from country j. Below
we mainly analyze the impact of variable trade costs θji on the key equilibrium variables, but
the impacts of fixed trade costs fji and ad valorem tariffs τji are qualitatively similar. In contrast
to variable and fixed trade costs, tariffs have a different effect on welfare through tariff revenue
rebated back to consumers. Hence, the following analysis should be understood as the impact of
exogenous changes in trade costs. We will characterize welfare-maximizing optimal tariffs after
examining the impact of these exogenous changes.

Under the circumstance, denoting proportional changes of variables by a “hat” (i.e., x̂ = dx/x),
and taking the log and differentiating the zero profit cutoff condition (1) with respect to θji,

B̂i + (σ − 1)φ̂∗
ji = σŵj + (σ − 1)θ̂ji. (4)

Similarly, differentiating the free entry condition (2) with respect to θji,∑
n=i,j

finJ
′
i(φ

∗
in)φ

∗
inφ̂

∗
in = 0. (5)

Finally, taking the log and differentiating the trade balance condition (3) with respect to θji,

ŵi =
∑
n=i,j

δin(
ˆ̃
λin + ŵn), (6)

where

δij ≡
Rij

Ri
=

λ̃ijwjLj

wiLi
.

Just like (1), (2) and (3) can be used to solve for the equilibrium in levels, (4), (5) and (6) can be
used to solve for the equilibrium in changes. In the comparative statics considered here, for given
changes in variable trade costs θ̂ji, the equilibrium in changes is defined as a set of {φ̂∗

ij , B̂i, ŵi}
which are jointly characterized by (4), (5), and (6) for i, j, where proportional changes of wages in
one of countries are normalized to zero. As will be described shortly, changes in the foreign trade
share net of tariffs ˆ̃

λij in (6) can be written as a function of changes in the domestic productivity
cutoff φ̂∗

ii.
In what follows, we show that the system of the equations in changes can be explicitly solved

for the equilibrium variables in changes. First, rearranging (5) gives us the relationship between
the domestic productivity cutoff and the export productivity cutoff in changes:

φ̂∗
ij = −αiφ̂

∗
ii, (7)

where
αi ≡

fiiJ
′
i(φ

∗
ii)φ

∗
ii

fijJ ′
i(φ

∗
ij)φ

∗
ij

.

The following lemma records some important properties of αi (see Appendix A.3):
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Lemma 1

(i) From the definitions of Ji(φ∗) and Vi(φ
∗) in Section 2.1,

αi =
fii(φ

∗
ii)

1−σVi(φ
∗
ii)

fij(φ∗
ij)

1−σVi(φ∗
ij)

=
Rii

Rij
,

where αiαj > 1.

(ii) From the definition of αi and the trade balance condition,

λji =
τji

αi + τji
, λ̃ji =

1

αi + 1
, µi =

αi + τji
αi + 1

.

By definition, αi is a function of φ∗
ii and φ∗

ij . Thus Lemma 1 means that once these cutoffs are
endogenously determined by (1), (2) and (3), αi in turn pins down λji, λ̃ji and µi.

Next, applying (7) and λ̃ji in Lemma 1 to (6) gives us the relationship between the wages and
the domestic productivity cutoffs in changes:

ŵi − ŵj = −βiφ̂
∗
ii + βjφ̂

∗
jj , (8)

where

βi ≡
αi

αi + 1
[σ − 1 + γii + (σ − 1 + γij)αi],

γij ≡ −
d lnVi(φ

∗
ij)

d lnφ∗
ij

.

Note that βi is a function of φ∗
ii and φ∗

ij as in αi, while γij can be regarded as the extensive margin
elasticity. The following lemma records some important properties of βi (see Appendix A.4):

Lemma 2

(i) From the definition of βi,
βi
αi

= εij +
γii − γij
αi + 1

,

where εij ≡ σ − 1 + γij is the partial trade elasticity capturing only the direct effect of θij on
trade flows from country i to country j.4

(ii) From the definitions of βi and µi,

µ̂i = (τji − 1)λii
βi
αi

φ̂∗
ii.

4Since we only model cost-shifting tariffs, εij is the partial trade elasticity of τij as well (Felbermayr et al., 2015).
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The first part of Lemma 2 says that βi/αi can be greater or smaller than εij , depending on
the sign of γii−γij , i.e., the differences in the extensive margin elasticities between domestic and
export markets. Further, βi/αi differs across markets and levels of trade costs, as the extensive
margin elasticities γii, γij are variable in a general productivity distribution. These properties –
absent in an untruncated Pareto distribution with a shape parameter k where βi/αi = εij = k –
plays an important role in characterizing the optimal tariff later.

The second part says that the domestic productivity cutoff φ∗
ii is a single sufficient statistic

for welfare even with tariff revenue.5 Any changes in variable trade costs always induce changes
in the foreign trade share λji, which affects redistribution of tariff revenue µi, but these changes
are captured solely by changes in φ∗

ii from (7). As a result, changes in welfare are expressed as

Ŵi =

(
(τji − 1)λii

ρ

βi
αi

+ 1

)
φ̂∗
ii, (9)

which shows that, to know what happens to welfare as a result of unilateral trade liberalization,
we just need to see what happens to φ∗

ii. Importantly, the fact that βi/αi enters (9) implies that
changes in welfare depend not only on εij but also on γii − γij .

Now we can solve the system of seven equations ((4), (7), (8)) for seven unknowns (φ̂∗
ij , B̂i, ŵi

for i, j) by setting wj = 1 (hence ŵj = 0). Solving (4), (7) and (8) simultaneously yields

φ̂∗
ii = −ρ(βj + ρ)

Ξ
θ̂ji,

φ̂∗
jj = −ρ(βi − ραi)

Ξ
θ̂ji,

ŵi =
ρ2(βi + αiβj)

Ξ
θ̂ji,

(10)

where βi − ραi > 0 (from the definitions of αi and βi) and

Ξ ≡
∑
n=i,j

(βn + ρ)−
∑
n=i,j

(βn − ραn) > 0.

(10) shows that reductions in θji increase φ∗
ii, φ

∗
jj and decrease wi. From (9), these changes in

turn mean that welfare rises not only in country j but also in country i because a decline in wi is
smaller than a decline in Pi (hence wi/Pi rises) and tariff revenue rebated back to consumers µi

rises (see Lemma 2(ii)).
The intuition behind the result is clearly seen by solving (4) and (7) first without (8):

φ̂∗
ii =

1

αiαj − 1
θ̂ji −

αj + 1

ρ(αiαj − 1)
ŵi,

φ̂∗
jj = − αj

αiαj − 1
θ̂ji +

αi + 1

ρ(αiαj − 1)
ŵi,

(11)

5This holds true for the case of variable trade costs that use real resources. In the case of tariffs that raise revenue,
this revenue affects the welfare analysis (see Section 5).
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where the first term captures the direct effect of reductions in θji, while the second term captures
the indirect effect of these reductions through changes in terms of trade. The direct effect lowers
(raise) expected profit and induces less (more) firms to enter in a liberalizing (non-liberalizing)
country with free entry. Thus, reductions in θji decrease φ∗

ii but increase φ∗
jj . Note that the effect

exists even when wages are exogenously fixed by a freely tradable outside good.6 In such a case,
(9) means that such reductions reduce (raise) welfare in country i (country j) due to a rise (a fall)
in Pi (Pj). The welfare effect is in line with previous work where unilateral trade liberalization
reduces welfare in a liberalizing country (Demidova, 2008; Melitz and Ottaviano, 2008).

If wages are endogenous, in contrast, the indirect effect also changes firms’ expected profit.
A decline in country i’s relative wage improves (worsens) profitability in country i (country j),
which leads more (less) firms to enter the domestic market in the respective country under free
entry. Hence, if wages are endogenous, reductions in wi (induced by reductions in θji) increase
φ∗
ii but decrease φ∗

jj , which works in the opposite direction to the direct effect. It follows from the
equilibrium outcomes in (10) that the indirect effect outweighs the direct effect for φ∗

ii whereas
the converse is true for φ∗

jj , and thus both cutoffs rise as a result of reductions in θji.
The above finding implies that endogenous wages have a critical impact on the home market

effect on trade patterns. Solving the price index Pi for the mass of entrants M e
i yields

M e
i

M e
j

=

(
wi

wj

)σ−1 (Pi/Pj)
1−σVj(φ

∗
jj)− τ−σ

ji θ1−σ
ji Vj(φ

∗
ji)

Vi(φ∗
ii)− τ−σ

ij θ1−σ
ij (Pi/Pj)1−σVi(φ∗

ij)
.

If wi is exogenous by an outside good, (7) and (11) reveal that M e
i /M

e
j is decreasing in θji, which

means that trade liberalization in country i leads to redistribution of firms into the outside good
(differentiated good) sector in country i (country j). Observing that φ∗

ij rises whereas φ∗
ji falls,

the relative mass of exporting firms is decreasing in θji. Further, firm export revenue satisfies

rij(φ)

rji(φ)
=

Bj

Bi

(
τij
τji

)−σ ( θijwi

θjiwj

)1−σ

.

From (4) and (11), rij(φ)/rji(φ) is also decreasing in θji, which means that trade liberalization in
country i changes the trade patterns in favor of country j, not only through firm entry (extensive
margin) but also through firm revenue (intensive margin). As shown by Venables (1987), this can
result in welfare losses (gains) in the liberalizing (non-liberalizing) country. If wi is endogenous
without an outside good, (10) shows that entry and revenue are not always decreasing in θji, and
thus the home market effect is not operative on the trade patterns. However, trade liberalization
increases φ∗

ii, φ
∗
jj but decreases φ∗

ij , φ
∗
ji. From Lemma 1, these changes increase the foreign trade

share λji, λ̃ji, and hence reduce the domestic trade share λii, λ̃ii for i, j, which ensures the welfare
gains from trade liberalization in both countries (Arkolakis et al., 2012).

6To introduce an outside good, we require that Li/Lj is not too different across countries to allow for complete
specialization between countries (i.e., if Li/Lj is too different, a small country can specialize in an outside good).
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Though we have focused on the impact of variable trade costs on imports θji, we can show that
the impacts of any trade costs (θij , θji, fij , fji, τij , τji) on the productivity cutoffs are qualitatively
similar (see Appendix A.5). In the case of variable trade costs on exports θij , for example,

φ̂∗
ii = −ρ(βj − ραj)

Ξ
θ̂ij ,

φ̂∗
jj = −ρ(βi + ρ)

Ξ
θ̂ij ,

ŵi = −ρ2(βj + αjβi)

Ξ
θ̂ij .

Thus, reductions in export costs θij increase the domestic productivity cutoffs in both countries
as above. Only the difference is that reductions in import costs θji reduce wi, whereas reductions
in export costs θij raise wi. This means that the direct effect outweighs the indirect effect for φ∗

ii

whereas the converse is true for φ∗
jj , because the signs of (11) are opposite in this liberalization.

The same claim applies not only to variable trade costs, but also to fixed trade costs and tariffs.
Finally, starting from a symmetric situation, the effect of trade liberalization is always greater

in a liberalizing country than in a non-liberalizing country. In the case of variable trade costs on
imports θji, evaluating (10) at αi = αj and βi = βj reveals that φ̂∗

ii > φ̂∗
jj . It follows immediately

from (9) that welfare gains from trade liberalization are greater in country i than in country j.
Clearly, a similar claim applies to the case of variable trade costs on exports θij in that, starting
from a symmetric situation, country j enjoys higher welfare gains from trade liberalization than
country i.

Proposition 1 Unilateral trade liberalization in variable and fixed trade costs on either exports
or imports as well as tariffs has the following effects:

(i) The relative wage falls in a liberalizing country.

(ii) The domestic (export) productivity cutoff rises (falls), and the domestic (foreign) trade share
falls (rises) in both countries.

(iii) Trade liberalization is unambiguously welfare-enhancing for both countries. Starting from
a symmetric situation, the effect is always greater in a liberalizing country than in a non-
liberalizing country.

Proposition 1 is essentially the same as that in Demidova and Rodrı́guez-Clare (2013).7 They
find that endogenous wages can reverse the impact of asymmetric trade liberalization on welfare
in a liberalizing country due to a failure of the home market effect on trade patterns without an
outside good. While they graphically show the finding with a simple figure, we analytically show

7The result also relates to that in Felbermayr et al. (2013), though their analysis is less general than ours in that
the model relies on an untruncated Pareto distribution, whereby variable and fixed trade costs are symmetric.
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a similar result with the exact hat algebra. More important, however, is our tractability to study
the impact of another competitive measure, i.e., country size, which can be examined in a parallel
manner with trade liberalization without imposing a specific productivity distribution.

4 Country Size

Let us next consider changes in country size, holding all the other exogenous variables constant,
which has been extensively examined in the literature. Melitz and Ottaviano (2008) are the first
to show that a country with larger size entails higher productivity and welfare through tougher
competition in the domestic market, reducing firms’ average markups. Due to an outside good
that gives rise to the home market effect on trade patterns, however, trade liberalization has an
opposite impact from country size on welfare: a unilaterally liberalizing country can be worse off
through the home market effect on trade patterns, which relocates production between countries
(sometimes referred to as “firm delocation” in the literature).

We show that, in the absence of an outside good, endogenous wages can reverse the impact of
country size, just as in the impact of trade liberalization: a country with larger size entails lower
productivity (i.e., the domestic productivity cutoff decreases with country size), which stands in
sharp contrast to Melitz and Ottaviano (2008) with an outside good. Although a larger country
exhibits lower productivity (associated with anti-variety effects), the country nonetheless enjoys
welfare gains in free trade because a negative impact on declined productivity is dominated by
a positive impact on increased product variety.

Suppose that country i unilaterally expands market size Li. Denoting proportional changes
of variables by a “hat” once again, and taking the log and differentiating (1) with respect to Li,

B̂j + (σ − 1)φ̂∗
ij = σŵi. (12)

While (5) is the same as before, taking the log and differentiating (3) with respect to Li,

ŵi + L̂i =
∑
n=i,j

δin(
ˆ̃
λin + ŵn) + δiiL̂i. (13)

The definition of the equilibrium in changes is similar to that in the previous section: for given
changes in country size L̂i, the equilibrium in changes can be defined as a set of {φ̂ij , B̂i, ŵi}
which are jointly characterized by (5), (12), and (13) for i, j, where proportional changes in wages
in one of the countries are zero. With help of Lemma 2(ii), changes in welfare are expressed as

Ŵi =

(
(τji − 1)λii

ρ

βi
αi

+ 1

)
φ̂∗
ii +

L̂i

σ − 1
, (14)

which shows that, to know what happens to welfare as a result of unilateral market expansion,
we need to see what happens not only to φ∗

ii but also to Li.
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As in trade liberalization, we can explicitly solve the system of equations in changes below.
While (7) remain the same, (13) is expressed as

ŵi − ŵj = −βiφ̂
∗
ii + βjφ̂

∗
jj − L̂i, (15)

where the definitions of αi and βi appearing in the equilibrium in changes are the same as those
in the previous section. Noting that (7), (12), and (15) are seven equations with seven unknowns,
and solving these equations with wj = 1 simultaneously yields

φ̂∗
ii = −ρ(αj + 1)

Ξ
L̂i,

φ̂∗
jj =

ρ(αi + 1)

Ξ
L̂i,

ŵi =
ρ2(αiαj − 1)

Ξ
L̂i.

(16)

(16) shows that an increase in Li decreases φ∗
ii but increases φ∗

jj as well as wi. From (14), these
changes mean that welfare rises in country j, whereas welfare can rise or fall in country i,
depending on the magnitudes of a decline in φ∗

ii (declined productivity) and a rise in Li (increased
product variety).

The intuition is again clearly explained by solving (7) and (12) first without (15):

φ̂∗
ii = − αj + 1

ρ(αiαj − 1)
ŵi,

φ̂∗
jj =

αi + 1

ρ(αiαj − 1)
ŵi.

(17)

Simple comparison between (11) and (17) immediately reveals that the direct effect of increases
in country size is absent in this case due to the peculiar and restrictive property of monopolistic
competition and CES preferences, and there is only the indirect effect of these increases through
changes in terms of trade. Therefore, if ŵi = 0 by a freely tradable outside good, (17) shows that
country size has no impact on the domestic productivity cutoff (φ̂∗

ii = φ̂∗
jj = 0). From (14), this in

turn means that country size raises welfare in country i due solely to increased product variety,
as in a standard heterogeneous firm model with CES preferences (e.g., Melitz, 2003), let alone a
homogeneous firm model (e.g., Krugman, 1980).

If wages are endogenous, in contrast, county size indirectly changes firms’ expected profit. A
rise in country i’s relative wage worsens (improves) profitability in country i (country j), which
leads less (more) firms to enter the domestic market in the respective country under free entry.
Hence, if wages are endogenous, increases in wi (induced by increases in Li) decrease φ∗

ii but
increase φ∗

jj . It is important to emphasize that the negative impact on φ∗
ii comes from the home

market effect on wi as in Krugman (1980). (The negative impact is absent in Krugman (1980) as
productivity is exogenous.) This causes higher marginal cost and lower profitability, which leads
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to less competitive pressures on firms and makes it possible for less productive firms to survive
there. Note also that, in contrast to Melitz and Ottaviano (2008) in which country size has no
impact on the productivity cutoffs of a trading partner, country size does affect these cutoffs in
the present paper through the relative wage that changes competitiveness across countries.

As with trade liberalization, the home market effect on trade patterns (induced by increases
in country size) does not necessarily work in the presence of endogenous wages. From the labor
market clearing condition, the mass of entrants is alternatively expressed as

M e
i

M e
j

=

(∑
n fjn(φ

∗
jn)

1−σVj(φ
∗
jn)∑

n fin(φ
∗
in)

1−σVi(φ∗
in)

)
Li

Lj
.

Furthermore, let Mii = [1 − Gi(φ
∗
ii)]M

e
i and Mij = [1 − Gi(φ

∗
ij)]M

e
i respectively denote the mass

of domestic firms and that of exporting firms, which satisfy

Mii

Mjj
=

(
1−Gi(φ

∗
ii)

1−Gj(φ∗
jj)

)
M e

i

M e
j

,
Mij

Mji
=

(
1−Gi(φ

∗
ij)

1−Gj(φ∗
ji)

)
M e

i

M e
j

.

If wi is exogenous, country size has no impact on the values in the brackets above (see (17)). This
means that the mass of entrants increases proportionately to country size in the current single
differentiated good sector setting, and that both the mass of domestic firms and that of exporting
firms increase proportionately to the mass of entrants. Therefore, market expansion in country
i gives rise to the following pattern of firm entry:

M e
i

M e
j

=
Mii

Mjj
=

Mij

Mji
.8

From (12) and (17), we have that rij(φ)/rji(φ) is not affected by country size. If wi is endogenous,
in contrast, country size has an impact on the values in the brackets above (see (16)). While the
mass of entrants does not necessarily increase more than proportionately to country size and
thereby the home market effect is not operative on trade patterns, the mass of domestic firms
(exporting firms) increases more (less) than proportionately to the mass of entrants. Therefore,
market expansion in country i gives rise to the following pattern of firm entry:

Mij

Mji
<

M e
i

M e
j

<
Mii

Mjj
.

Further, rij(φ)/rji(φ) is also decreasing in Li, which means that market expansion in country i

changes the trade patterns in favor of country j through both extensive and intensive margins.

8In a multi-sector version of our model with an outside good, it can be easily shown that the mass of entrants rises
more than proportionately to country size. This generates a home market effect on trade pattens in such a way that
an increase in country size leads to disproportionately reallocations of labor to the differentiated good sectors, thereby
allowing a larger country to enjoy higher welfare gains through increased product variety. Note, however, that the
above entry pattern still holds even in this case.
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Intuitively, country i with a relatively higher proportion of consumers has more incentive to save
trade costs that are high enough to generate selection; thus firms find it less (more) profitable to
export their products to a smaller (larger) country, allowing relatively less (more) exporting firms
to exist in country i (country j). Just like unilateral trade liberalization has an impact on welfare
by the shift in trade patterns, unilateral market expansion also has an impact on welfare by the
same shift from an expanding country with higher wages to a non-expanding country with lower
wages. In a model with additively separable indirect utilities, Bertoletti and Etro (2017) show
that the shift can be thought of as business destruction (creation) where a richer (poorer) country
with higher (lower) wages is characterized by concentration (expansion) of large exporting firms.
In our model with CES preferences, the shift arises only when wages are endogenous.

The fact that country size affects selection also yields empirically consistent predictions that
larger (smaller) countries tend to be less (more) open. At the aggregate level, the domestic trade
share in total expenditure in country i can be expressed from Lemma 1 as

λii =
αi

αi + τji
, λ̃ii =

αi

αi + 1
.

Since φ∗
ii is decreasing in Li and αi is decreasing in φ∗

ii, the share is increasing in country size: the
domestic spending share is higher, the larger is country size, as documented by aggregate data
from many countries (e.g., Eaton and Kortum, 2011). While the large domestic trade share would
encourage firms to export those products for which they have the large domestic market (known
as the Linder hypothesis), this is not the case in our model due to the feedback from country size
to selection. At the firm level, on the other hand, the ratio of exporting firms to domestic firms
in country i (which is less than unity with export market selection) can be expressed as

Mij

Mii
=

1−Gi(φ
∗
ij)

1−Gi(φ∗
ii)

.

It follows from (16) that the ratio is decreasing in country size, which implies that the share of
exporting firms among operating firms is lower, the greater is country size. This is also in line
with empirical evidence. Bernard et al. (2007) find that 18% of firms export in the United States,
while Mayer and Ottaviano (2008) report that a much larger fraction of firms export in European
countries.9

It remains to show the impact of country size on welfare in an expanding country. The impact
depends on the magnitudes of a decline in φ∗

ii and a rise in Li, where the former gives rise to a
welfare loss by increasing the domestic trade share λii, λ̃ii there. Applying (16) and rearranging,
(14) can be expressed in terms of changes in φ∗

ii only (see Appendix A.6):

Ŵi =
1

σ − 1

(
(σ − 1)(βi + ρ)− σβi

µi
− (βj − ραj)

(
αi + 1

αj + 1

))
φ̂∗
ii.

9It should be noted that the analysis applies to trade among similar countries without technological differences.
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As unilateral market expansion in country i decreases φ∗
ii, such expansion leads to welfare gains

in that country if the value in the brackets is negative. Unfortunately this is not always the case,
and we cannot say in general that the country gains from market expansion in the current model.
It is possible to prove, however, that starting from a symmetric situation and free trade (µi = 1),
unilateral market expansion in country i unambiguously improves welfare in both countries.

Proposition 2 Unilateral market expansion has the following effects:

(i) The relative wage rises in an expanding country.

(ii) The domestic (export) productivity cutoff falls (rises), and the domestic (foreign) trade share
rises (falls) in an expanding country. The converse is true in a non-expanding country.

(iii) Starting from a symmetric situation and free trade, market expansion is unambiguously
welfare-enhancing for both countries.

The result in Proposition 2 has a noticeable difference from that in the existing literature.10

In an influential study on allocation efficiency with VES preferences, Dhingra and Morrow (2019)
find that market expansion provides welfare gains when preferences are “aligned,” i.e., demand
shifts alter private and social markups in the same directions. Their finding means that market
expansion increases welfare in CES preferences, but this is not true in our model. The reason is
that unilateral market expansion entails anti-selection effects that work to decline productivity
in a country of origin. As shown by Dhingra and Morrow (2019), one of sufficient conditions for
welfare gains is that productivity does not decline after market expansion, which is not satisfied
here. Thus market expansion does not always lead to gains due to distortions from anti-selection
effects in our setting, whereas distortions stem from variable markups in their setting.

5 Optimal Tariff

So far, we have examined the impact of exogenous changes in the two competitive measures on
key endogenous variables without specifying a productivity distribution function. In this section,
we show that the generality is important for the characterization of a country’s optimal tariff.

Suppose that country i chooses a tariff rate on imports from country j to maximize welfare.
For the moment, we focus on the effect of country i’s tariffs τji holding country j’s tariffs τij fixed.
In country j that faces tariffs by country i, the effect of τji is essentially the same as that of θji,
and changes in welfare per worker with respect to τji are expressed as

Ŵj =

(
(τij − 1)λjj

ρ

βj
αj

+ 1

)
φ̂∗
jj .

10In their appendix, Demidova and Rodrı́guez-Clare (2013) also show similar results like ours but the analysis of
market size is confined to an untruncated Pareto distribution, whereby variable and fixed trade costs are symmetric.
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From Proposition 1, an increase in τji decreases the domestic productivity cutoff φ∗
jj which lowers

welfare in country j. In country i that imposes tariffs on country j, there is an additional effect of
τji on welfare through changes in redistribution of tariff revenue. Using λji in Lemma 1, changes
in µi with respect to τji in Lemma 2(ii) are given by

µ̂i = (τji − 1)λii
βi
αi

φ̂∗
ii + λjiτ̂ji.

Changes in welfare per worker in country i corresponding to (9) and (14) are expressed as

Ŵi =

(
(τji − 1)λii

ρ

βi
αi

+ 1

)
φ̂∗
ii +

λji

ρ
τ̂ji,

where the first term is a welfare loss from tariffs (as inefficient firms are sheltered by tariffs), and
the second term is a welfare gain from tariffs (as tariff revenue is rebated back to consumers).
After rearranging, this can be written in terms of changes in φ∗

ii only (see Appendix A.7):

Ŵi =
λji(βi − ραi)

ρ

(
βj − ραj

βj + ρ
− 1

τji

)
φ̂∗
ii. (18)

Recall from Proposition 1 that an increase in τji also decreases φ∗
ii. Setting τji = 1 in (18) then

implies that a small import tariff τji unambiguously improves welfare in country i (which comes
at the expense of country j), and hence the optimal tariff is strictly positive for country i. Further,
starting from a symmetric situation, country i’s gains cannot compensate country j’s losses and
the effect of τji on world welfare is always negative.

Before moving to characterizing the optimal tariff, it is useful to relate the expression in (18)
to that in the existing literature. Using λii and µi in Lemma 1, (18) is alternatively written as

Ŵi = −αi

βi
λ̂ii +

(
βi − ραi

ρβi

)
µ̂i. (19)

Welfare changes in (19) encompass the results in Arkolakis et al. (2012) without tariff revenue
(i.e., µi = 1 and hence µ̂i = 0) and those in Felbermayr et al. (2015) with tariff revenue for the
Melitz (2003) model with an untruncated Pareto distribution with a shape parameter k. In fact,
noting that the extensive margin elasticity is constant at k− (σ− 1) and βi/αi coincides with the
partial trade elasticity εij(= k) under the specific distribution, (19) is expressed as

Ŵi = − 1

εij
λ̂ii +

(
1 +

η

εij

)
µ̂i,

where η ≡ k
σ−1(1 +

1−σ
k ) > 0. The above expression shows that welfare changes can be captured

solely by λii and εij without tariff revenue as indicated by the first term (Arkolakis et al., 2012),
but their welfare formula requires qualification with tariff revenue if tariffs act as cost shifters
as indicated by the second term (Felbermayr et al., 2015).
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The results however depend critically on the assumption that the trade elasticity is constant,
as stressed by Melitz and Redding (2015). To see this in our setting, using the general expression
of βi/αi in Lemma 2(i) and rearranging, let us further express (19) as

Ŵi =
1

εij + γii − γij

(
M̂ e

i − λ̂ii

)
+

(
1

ρ
− 1

εij + γii − γij

)
µ̂i.

This is a counterpart to that in Melitz and Redding (2015, Eq. (33)), albeit the difference that we
derive welfare changes by tariffs that raise government revenue. Note that, besides the domestic
trade share λii and the trade elasticity εij , welfare changes also depend on the extensive margin
elasticity differential between domestic and export markets γii − γij , which they refer to as the
“hazard differential.” It is clear that, if the extensive margin is more elastic for an export market
than for a domestic market (γii − γij < 0), welfare changes by tariffs tend to be under-estimated
relative to those without this differential. The converse is true for cases γii − γij > 0.11

Under which productivity distribution does the extensive margin elasticity differential exist?
Obviously, γii = γij(= k − (σ − 1)) under an untruncated Pareto distribution. Consider a slight
generalization from this distribution to truncated Pareto with a finite upper bound φmax in Gi(φ).
In this more general case, the extensive margin elasticity from country i to country n = i, j is
expressed as follows (see Melitz and Redding (2015)):

γin = (k − (σ − 1))

(
φmin
φ∗
in

)k−(σ−1)

(
φmin
φ∗
in

)k−(σ−1)
−
(

φmin
φmax

)k−(σ−1)
,

where γin is strictly increasing in the productivity cutoff φ∗
in (untruncated Pareto can be treated

as a limit case in which limφmax→∞ γin = k − (σ − 1)). From this, it follows that (i) γii − γij < 0

under export market selection (φ∗
ii < φ∗

ij), and (ii) the trade elasticity εij = σ− 1+ γij is variable.
Using a truncated Pareto distribution, Melitz and Redding (2015) show that the micro structure
matters for welfare beyond the domestic trade share and the trade elasticity in such a way that
there are larger welfare gains from reductions in trade costs while smaller welfare losses from
increases in trade costs for γii − γij < 0 than for γii − γij = 0. As the welfare-maximizing tariff is
strictly positive in country i, this implies in our policy context that the government faces smaller
welfare losses from increases in tariffs and therefore has more incentive to impose higher tariffs
for γii − γij < 0 than for γii − γij = 0.

Although we will consider a truncated Pareto distribution to deliver the main point, the fact
that the trade elasticity is variable is not specific to this distribution. For example, noting that
a gravity equation with a constant trade elasticity is mis-specified under any distribution other
than untruncated Pareto, Head et al. (2014) study welfare gains under a log-normal distribution,
which also induces a variable trade elasticity as well as a negative differential.

11If γii − γij ⋚ 0, changes in the mass of entrants are given by M̂e
i ⋛ 0.
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We now turn to characterizing the optimal tariff. Setting Ŵi = 0 in (18) and solving for τji

yields the following expression for the optimal tariff for country i:12

τ∗ji = 1 +
ρ

αj

αj+1

(
βj

αj
− ρ
)

︸ ︷︷ ︸
t∗ji

=
βj + ρ

βj − ραj
> 1.

Further, using λ̃jj = αj/(αj + 1) from Lemma 1(ii) and substituting βj/αj from Lemma 2(i),

t∗ji =
ρ

λ̃jj

(
εji +

γjj−γji
αj+1 − ρ

) . (20)

Hence, the optimal tariff in country i is inversely related to country j’s export supply elasticity,
which is composed of the domestic trade share in country j (λ̃jj) and the partial trade elasticity
from country j to country i (εji), as in the existing models. The crucial difference, however, is
that the partial trade elasticity is not necessarily constant in this model.

It is worth stressing that the optimal tariff in (20) is a generalization of some of well-known
results in the literature. If the underlying distribution is assumed to be untruncated Pareto with
a shape parameter k, the extensive margin elasticity γjj , γji is constant at k − (σ − 1) and the
partial trade elasticity εji is constant at k. Thus, (20) reduces to

t∗ji =
ρ

λ̃jj(k − ρ)
.

This expression is exactly the same as the optimal tariff derived by Felbermayr et al. (2013) in a
heterogeneous firm model a la Melitz (2003) under an untruncated Pareto distribution. It is also
possible to consider a homogeneous firm model as a special case with a degenerated productivity
distribution (see Melitz and Redding (2015) for details). When all homogeneous firms can export,
the extensive margin elasticity γjj , γji is constant at zero and the partial trade elasticity εji is
constant at σ − 1. Thus, (20) reduces to

t∗ji =
1

λ̃jj(σ − 1)
.

This expression is exactly the same as the optimal tariff derived by Gros (1987) in a homogeneous
firm model a la Krugman (1980).

At this standpoint, we need to mention two caveats for the optimal tariff. First, we cannot say
that the optimal tariffs are smaller in a heterogeneous firm model than in a homogeneous firm
model. Just like the two different models give us the different domestic trade shares λ̃jj , these
models also give us the different partial trade elasticities εji. This means that the optimal tariffs

12Following Felbermayr et al. (2013), we use the F.O.C. of welfare maximization (18) assuming the sufficiency of it
to be satisfied. Instead of using the F.O.C., Demidova (2017) looks at the direct impact of tariffs on aggregate quantity
and finds the result that strongly resembles the one derived by Felbermayr et al. (2013).
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in these two models are not directly comparable without taking account of the difference in the
partial trade elasticity. Our general result in (20) is useful to shed light on this point. Plugging
(20) in γjj − γji = 0 that holds in the two models, we find that given the domestic trade share λ̃jj

and the partial trade elasticity εji, the optimal tariffs are the same between a homogeneous firm
model and a heterogeneous model. Of course, the result is a direct implication of the insight by
Arkolakis et al. (2012) for our optimal tariff setting: conditional on the two sufficient statistics
for welfare λ̃jj , εji, welfare changes induced by tariffs are the same and, consequently, levels of
the optimal tariffs are also the same.

Second, the equivalence of the optimal tariffs between the different trade models holds only
if the extensive margin elasticity differential is zero, i.e., γjj − γji = 0. If this does not hold, the
optimal tariffs are different even after controlling for the two sufficient statistics for welfare. As
seen above, welfare losses from tariffs under a truncated Pareto distribution with γjj−γji < 0 are
smaller than those under distributions with γjj − γji = 0, which prompts country i’s government
to set higher tariffs. As a result, even conditional on the sufficient statistics, the optimal tariff is
higher than in the above special cases. This means that the optimal tariff that does not control
for the differential γjj−γji tends to be under-estimated since εji > εji+(γjj−γji)/(αj+1) in (20).
The converse is true for cases γjj − γji > 0 in that the optimal tariff tends to be over-estimated.

Proposition 3 Conditional on the domestic trade share and the partial trade elasticity, the
optimal tariff has the following properties:

(i) If the extensive margin elasticity is the same between domestic and export markets, levels of
the optimal tariffs are the same across different trade models.

(ii) If the extensive margin is more (less) elastic for an export market than for a domestic market,
levels of the optimal tariffs are greater (smaller) than those in the absence of this differential.

Next, we examine the impacts of trade costs and country size on the optimal tariff in (20). Let
us consider first a constant trade elasticity case (such as untruncated Pareto), so that exogenous
changes affect the optimal tariff only through the domestic trade share. Proposition 1 says that
reductions in any trade costs increase the domestic productivity cutoff φ∗

jj , which decrease λ̃jj .
Proposition 2 says that market expansions in country i (country j) increase (decrease) φ∗

jj , which
decrease λ̃jj if market size in country i is relatively larger than that in country j. From these
comparative statics, it follows that the optimal tariff in country i is higher, the lower are trade
costs between countries or the larger is country i’s relative size. In addition to this, the fact that
the optimal tariff in country i decreases with country j’s tariffs means that the best response
functions are downward-sloping (i.e., tariffs are strategic substitutes). The result corresponds to
the optimal tariff properties by Felbermayr et al. (2013) in an untruncated Pareto distribution.
In our setting with a general productivity distribution, however, this is not necessarily the case
since the exogenous variables affect the optimal tariff not only through the domestic trade share
but also through the partial trade elasticity.
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This additional channel for the optimal tariff can be shown more formally by making clear the
relationship between the extensive margin elasticity differential and the partial trade elasticity
in a general productivity distribution. Applying the comparative statics in Propositions 1 and 2
to Lemma 2(i), the following lemma is immediately obtained (see Appendix A.8).13

Lemma 3

(i) If the extensive margin is more (less) elastic for an export market than for a domestic market,
reductions in trade costs between countries decrease (increase) the partial trade elasticity.

(ii) If the extensive margin is more (less) elastic for an export market than for a domestic market,
relative market expansions in country i decrease (increase) the partial trade elasticity.

Lemma 3 implies that, if γjj−γji ̸= 0, the partial trade elasticity is not constant and therefore
differs across markets and levels of trade costs. In the case of trade costs, for example,

γjj − γji ⋚ 0 =⇒ dεji
dθji

⋛ 0,
dεji
dθij

⋛ 0,
dεji
dfji

⋛ 0,
dεji
dfij

⋛ 0,
dεji
dτji

⋛ 0,
dεji
dτij

⋛ 0.

If the extensive margin elasticity differential is negative (γjj − γji < 0), reductions in trade costs
between countries decrease the partial trade elasticity. If the differential is positive (γjj−γji > 0),
such reductions shift the partial trade elasticity in the opposite direction. It is clear that, only in
the case of no differential (γjj − γjj = 0), is the partial trade elasticity invariant to trade costs.
The same claim also applies to increases in country i’s relative country size.

It is then easily shown that exogenous changes have an additional effect on the optimal tariff.
Consider reductions in variable trade costs θji. If the differential is negative (γjj − γji < 0), such
reductions decrease the partial trade elasticity (dεjidθji

> 0) as well as the domestic trade share in

country j (dλ̃jj

dθji
> 0). It follows from (20) that, due to an extra adjustment margin through εji that

is absent in a constant trade elasticity case, the impact on the optimal tariff is reinforced. If the
differential is positive, the converse is true in that the impact on the optimal tariff is attenuated.
Only when there is no differential, is the partial trade elasticity constant and reductions in θji

affect the optimal tariff only through decreases in the domestic trade share. These highlight
a potential bias in evaluating the optimal tariff without allowing for a variable trade elasticity
that differs across markets and levels of trade costs. In other words, the optimal tariff that does
not control for the differential γjj − γji tends to be under/over-estimated not only in terms of
levels but also in terms of changes induced by exogenous shocks (see Appendix A.9).

13Strictly speaking, we require that the extensive margin elasticity γji is a monotonic function in the productivity
cutoff φ∗

ji for this lemma. With this restriction, the sign of γjj − γji is the same for a given productivity distribution
and does not change with key parameters of the model so long as export market selection is ensured. As seen above,
the property holds for a truncated Pareto distribution (Head et al. (2014) show this for a log-normal distribution), in
which case the sign of the differential does not switch under the comparative static exercises here. We are not sure if
this always holds for other popular productivity distributions and the discussion below simply bypasses the question.
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Proposition 4 Reductions in trade costs between countries or relative market expansions in
country i have the following effects on the optimal tariff:

(i) If the extensive margin elasticity is the same between domestic and export markets, they
increase the optimal tariff only through decreases in the domestic trade share.

(ii) If the extensive margin is more (less) elastic for an export market than for a domestic market,
they reinforce (attenuate) the impact on the optimal tariff through decreases (increases) in
the partial trade elasticity.

One of interesting results in this proposition arises when γjj − γji > 0 and increases in the
trade elasticity (induced by exogenous shocks) are greater than decreases in the domestic trade
share. In such a case, our model predicts that the optimal tariff in country i is lower, the lower
are trade costs between countries and the larger is the relative size in country i. The impact of
country size on the optimal tariff accords with recent research. For example, Naito (2019) finds a
significant negative relationship between GDP and tariffs across countries, meaning that larger
countries tend to set lower tariffs.14 To account for this fact that is inconsistent with the existing
optimal tariff theory, Naito (2019) develops a dynamic Ricardian model in which the long-run
welfare effects of tariffs on revenue and economic growth jointly characterize the optimal tariff,
which is shown to be decreasing in a country’s absolute advantage parameter.

While our model also yields a similar prediction, the mechanism behind the result is different.
Our model predicts that a large country accommodates relatively inefficient firms in the domestic
market by lowering the domestic productivity cutoff, which has a negative impact on its welfare.
If this large country is allowed to choose tariffs to maximize welfare, it can enjoy terms-of-trade
gains by setting higher tariffs in our model as in the conventional optimal tariff theory. However
this simultaneously accelerates welfare losses from protecting inefficient firms because a larger
country faces an anti-selection effect on domestic firms. Taking these effects on welfare together,
the optimal tariff is decreasing in country size if welfare losses from protecting inefficient firms
are stronger than welfare gains from improving the terms-of-trade in which case a larger country
does not always benefit from higher tariffs due to the feedback from country size to selection.

We have characterized the optimal tariff in country i, taking tariffs in country j as given. Now
consider the situation in which both countries set tariffs so as to maximize respective welfare.
From Lemma 3, if γjj − γji ≤ 0, country i’s optimal tariff τ∗ji is decreasing in country j’s tariff τij ,
since an increase in τij decreases λ̃jj and εji. As indicated earlier, the best response functions are
downward-sloping and the optimal tariffs are strategic substitutes for one another. In contrast,
if γjj − γji > 0 and increases in εji are greater than decreases in λ̃jj , country i’s optimal tariff τ∗ji
is increasing in country j’s tariff τij . In this case, the best response functions are upward-sloping
and the optimal tariffs are strategic complements for one another. As usual, the optimal tariffs
in Nash equilibrium (τ∗ji, τ

∗
ij) are determined at which the best response functions intersect in the

14From Section 4, the larger country i’s size Li, the larger its national income wiLi + (τji − 1)Rji (for a given τji).
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(τji, τij) space, but the variable trade elasticity alters the equilibrium properties of Nash tariffs.
Further, the optimal tariff is bounded from above and below in Nash equilibrium. On the one
hand, if tariffs are sufficiently high (τij → ∞) that no firm exports from country i, the domestic
trade share in country j approaches to unity (λ̃jj → 1) in (20). Thus

τ∗ji = 1 +
ραj

βj − ραj
=

βj
βj − ραj

.15

On the other hand, if trade costs are sufficiently low that all surviving firms export (φ∗
jj = φ∗

ji),
we have αj = fjj/fji (from the definition of αj) and γjj = γji (from the definition of γji) yielding
βj/αj = εji. Using these and λ̃jj = αj/(αj + 1) in (20),

τ∗ji = 1 +
ρ
(
1 +

fjj
fji

)
fjj
fji

(εji − ρ)
=

εji + ρ
fji
fjj

εji − ρ
.

Note that both of the bounds are variable in our setting with a general productivity distribution
and vary endogenously with exogenous shocks.

To better appreciate the equilibrium properties of Nash tariffs, we follow Felbermayr et al.
(2013) in assuming that two countries are symmetric and choose their tariff non-cooperatively.
In Nash equilibrium, they impose the same optimal tariff τ∗ij = τ∗ji ≡ τ∗ and wages are equalized
across countries wi = wj ≡ w = 1. Exploiting the symmetry, let us also define

θij = θji ≡ θ, fii = fjj ≡ fd, fij = fji ≡ fx, Li = Lj ≡ L, λ̃ii = λ̃jj ≡ λ̃,

εij = εji ≡ ε, γii = γjj ≡ γd, γij = γji ≡ γx, αi = αj ≡ α, βi = βj ≡ β.

Then, finding Nash tariffs is equivalent to finding a solution to the fixed point problem τ = f(τ)

in (20) where the dependence of f(τ) on θ, fx and L is understood:

f(τ) = 1 +
ρ

λ̃
(
ε− γd−γx

α+1 − ρ
) .

Applying Proposition 4, f(τ) is decreasing in τ if γd − γx ≤ 0 in which case tariffs are strategic
substitutes; however, f(τ) is increasing in τ if γd − γx > 0 and increases in ε are greater than
decreases in λ̃ in which case tariffs are strategic complements. Figure 1 depicts a 45-degree line
plus a f(τ) curve for two possible cases – tariffs are strategic substitutes in Panel (a) while tariffs
are strategic complements in Panel (b). In either panel, the optimal tariffs in Nash equilibrium
τ∗ is found at which a 45-degree line and a f(τ) curve intersect. Nash tariffs lie within the shaded
area in the figure where the lower and upper bounds are respectively denoted by τ∗ij = τ∗ji ≡ τ∗

and τ∗ij = τ∗ji ≡ τ∗.

15This lower bound also represents the optimal tariff when country i is treated as a limit case of a small economy
where country j has a sufficiently large domestic trade share (i.e., λ̃jj → 1).

24



!∗

"(!∗)

45°

"(!)

!
!∗ !∗

(a) Negative differential

"(!)

!
!∗

"(!∗)

45°
!∗!∗

(b) Positive differential

Figure 1 – Effect of trade liberalization on Nash tariffs

Let us examine the impact of exogenous changes on the optimal tariffs in Nash equilibrium.
Consider the impact of trade liberalization first. Reductions in trade costs (both variable θ and
fixed fx) always decrease the domestic trade share λ̃. On top of that, these reductions decrease
the partial trade elasticity ε if the differential is negative (γd − γx < 0). In this case, f(τ) shifts
up and Nash tariffs τ∗ become higher, thereby narrowing the gap between the upper and lower
bounds (i.e., tariffs tend to converge) as a result of trade liberalization, as depicted in Panel (a).
The converse is true if the differential is positive (γd−γx > 0) and increases in ε are greater than
decreases in λ̃, as depicted in Panel (b). Finally, if the differential is zero (γd − γx = 0), these
reductions have no impact on ε and Nash tariffs τ∗ become higher only through a decline in λ̃,
thereby leaving the two bounds unaffected (see Appendix A.10).

Regarding the impact of country size, expansions in market size (i.e., increases in L) have
no impact on the domestic trade share λ̃ as well as the partial trade elasticity ε, and therefore
Nash tariffs τ∗. The gap between the two bounds τ∗, τ∗ also remain unchanged. The reason is
that the indirect effect through the terms-of-trade is not operative in a symmetric situation that
equalizes wages across countries ŵi = ŵj ≡ ŵ = 0 (see (17)). As a result, market expansions
have no selection effects, leaving a f(τ) curve unaffected through either λ̃ or ε. In contrast to
trade liberalization, this impact of country size on Nash tariffs necessarily holds irrespective of
the sign of the differential γd − γx.

The key upshot of our argument above is that policy evaluations of Nash tariffs that do not
control for the differential γd − γx can lead to a bias even in an environment in which countries
choose tariffs non-cooperatively. This is of particular importance for assessment of trade policy
in globalization where reductions in transportation or communication costs are significant across
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countries. Our model reveals that, whenever γd − γx ̸= 0, there is an additional channel through
which trade costs endogenously affect Nash tariffs, i.e., a variable trade elasticity. In fact, recent
work using firm-level data has identified empirical relevance of this aspect, paying attention to
the extensive margin. For example, estimating trade flows in their gravity equation, Helpman et
al. (2008) find substantial variations in the trade elasticities with respect to trade costs between
country pairs. Calibrating their model into US firm-level data, Melitz and Redding (2015) also
show that missing the variable nature of the trade elasticities can lead to a quantitatively large
discrepancy from the true welfare gains from trade liberalization. In our optimal tariff setting,
these insights suggest that the micro structure that makes the trade elasticity variable matters
for evaluating Nash tariffs, since globalization always gives rise to higher (lower) Nash tariffs
for γd−γx < (>)0 than for γd−γx = 0. As stressed by Melitz and Redding (2015), not only are the
domestic trade share and the partial trade elasticity, but the differential can be also empirically
examined if firm-level data are available, and we need to take fully into account these observable
moments for trade policy evaluations.

Proposition 5 Evaluating at a symmetric situation, Nash tariffs have the following equilibrium
properties:

(i) If the extensive margin elasticity is the same between domestic and export markets, Nash
tariffs rise by reductions in trade costs between countries only through decreases in the
domestic trade share.

(ii) If the extensive margin is more (less) elastic for an export market than for a domestic market,
such reductions have stronger (weaker) effects on Nash tariffs through decreases (increases)
in the partial trade elasticity.

(iii) Regardless of the sign of the extensive margin elasticity differential, market expansions have
no impact on Nash tariffs.

We conclude this section by briefly mentioning the welfare effect in Nash equilibrium. It can
be easily confirmed that welfare changes with respect to variable trade costs in (9) similarly hold
in Nash equilibrium, and symmetrically scaling down variable trade costs improves welfare due
to a rise in φ∗

ij = φ∗
ji ≡ φ∗

d. (The same also holds for fixed trade costs.) Next, welfare changes
with respect to country size in (14) are given by Ŵ = L̂/(σ − 1) where a fall in φ∗

d does not enter,
since the cutoff is invariant to market size with equalized wages and, even with tariff revenue,
symmetrically scaling up market size improves welfare due solely to increased product variety.
Finally, welfare changes with respect to tariffs in (18) are expressed as

Ŵ =

(
(τ − 1)(β − ρα)

ρ(α+ τ)

)
φ̂∗
d,

and thus symmetrically scaling down tariffs (from τ ≥ 1) improves welfare by increasing in φ∗
d.
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6 Conclusion

This paper presents a heterogeneous firm model of trade to study unilateral trade liberalization
and unilateral market expansion and their impact on optimal tariffs. In order to circumvent the
drawback in monopolistic competition and CES preferences and to provide better understanding
of the role of country size in policy evaluations, we drop the assumption of an outside good sector
in a general productivity distribution. Our key contributions are broadly summarized as follows.
First, unilateral trade liberalization entails selection effects while unilateral market expansion
entails anti-selection effects in a country of origin; however, more competitive pressures by these
two measures are welfare-enhancing in free trade. Second, the optimal level of import tariffs is
inversely related to the two empirically observable moments – domestic trade share and partial
trade elasticity – where the second integrant can be variable depending on the micro structure of
the model. In particular, if the trade elasticity is constant as in most previous work, the optimal
level of import tariffs is the same between different trade models (conditional on the domestic
trade share and a constant trade elasticity); however, if the trade elasticity is variable as found
by empirical work, the optimal level of import tariffs tends to be under/over-estimated relative to
a constant trade elasticity case. Similarly, the impact of trade liberalization and country size on
optimal tariffs depends critically on the micro structure that makes the trade elasticity variable.
These results go through for Nash trade policies in which welfare-maximizing governments can
choose their tariffs non-cooperatively.

We have focused mainly on the qualitative aspect for policy implications to highlight a new
role played by the micro structure in characterizing optimal tariffs throughout the paper, but it
would be interesting to investigate the quantitative relevance of our results for optimal tariffs.
Melitz and Redding (2015) quantitatively measure the discrepancies in welfare gains between a
constant trade elasticity under an untruncated Pareto distribution (as in Arkolakis et al. (2012))
and a variable trade elasticity under a truncated Pareto distribution, and find big discrepancies
ranging up to a factor of four. Given such substantial differences in welfare gains induced by the
variable nature of the trade elasticity, we expect that evaluating optimal tariffs under a constant
trade elasticity would result in a serious bias relative to those under a variable trade elasticity.
Using a standard parameterization of heterogenous firm models employed by Felbermayr et al.
(2013) and Melitz and Redding (2015), we conjecture that it is possible in principle to implement
this kind of quantitative exercises in our setting. This would allow us not only to gain a sense of
the magnitudes, but also to quantify a sensitivity of the strategic relationships across countries’
optimal tariffs to exogenous changes. To examine this sensitivity, we need to replace a (truncated
or untruncated) Pareto distribution by another one, since this distribution induces a non-positive
differential and hence tariffs are always strategic substitutes. Unfortunately, we are not certain
about which firm productivity distributions give a positive differential and whether the resulting
quantitation can provide a good fit for aggregate and firm-level data. We leave this question and
the relevant quantitative exercise to future work.
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A Appendix

A.1 Labor Market Clearing Condition

We first show that the labor market clearing condition is given by

Li =
Ri − Ti

wi
.

With a linear cost function and cost-shifting tariffs that do not use real resources, we have

Li = M e
i f

e
i +M e

i

∑
n=i,j

∫ φmax

φ∗
in

(
fin +

θinqin(φ)

φ

)
dGi(φ).

From the free entry condition in (2), labor used for entry is expressed as

M e
i f

e
i =

M e
i

wi

∑
n=i,j

{
1

σ

∫ φmax

φ∗
in

rin(φ)dGi(φ)− [1−Gi(φ
∗
in)]wifin

}
.

On the other hand, noting from the pricing rule that qij(φ) = τijrij(φ)/pij(φ) = ρφrij(φ)/θijwi,
aggregate labor used for production is expressed as

M e
i

∑
n=i,j

∫ φmax

φ∗
in

(
fin +

θinqin(φ)

φ

)
dGi(φ) =

M e
i

wi

∑
n=i,j

{
[1−Gi(φ

∗
in)]wifin +

σ − 1

σ

∫ φmax

φ∗
in

rin(φ)dGi(φ)

}
.

Summing up these terms,

Li =
M e

i

wi

∑
n=i,j

∫ φmax

φ∗
in

rin(φ)dGi(φ)

=

∑
nRin

wi
,

where Rij = M e
i

∫ φmax

φ∗
ij

rij(φ)dGi(φ) is aggregate firm revenue (or consumer expenditure) of goods
from country i to country j net of tariffs. The result follows from Ri =

∑
n τniRni and Rij = Rji.

Next, we show that the labor market clearing condition is equivalent with the trade balance
condition. On the one hand, aggregate labor income in country i consists of revenues by domestic
firms and exporting firms of country i net of tariffs, wiLi =

∑
nRin. On the other hand, aggregate

expenditure in country i consists of expenditure on domestic goods in country i and imported
goods from country j, Ri =

∑
n τniRni. From these, the trade balance condition is rearranged as

Rii +Rij︸ ︷︷ ︸
wiLi

= Rii + τjiRji︸ ︷︷ ︸
Ri

− (τji − 1)Rji︸ ︷︷ ︸
Ti

,

and hence both conditions are equivalent in that they induce the same equality, Ri = wiLi + Ti.
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A.2 Welfare Expression

Welfare per worker is given by

Wi ≡
Ui

Li

=
Ri

LiPi

=
µiwi

Pi

where the second equality follows from noting that Ui ≡ Qi and PiQi = Ri, and the third equality
follows from noting that Ri = µiwiLi. Further, aggregate market demand is expressed as

Bi =
(σ − 1)σ−1

σσ
µiwiLiP

σ−1
i .

Substituting this into (1) and rearranging, the real wage is given by

wi

Pi
=

(
µiLi

σfii

) 1
σ−1

ρφ∗
ii,

which becomes the same as that in Demidova and Rodrı́guez-Clare (2013) without tariff revenue
(µi = 1). Finally, substituting wi/Pi into above Wi establishes the result.

A.3 Proof of Lemma 1

We first show that

αi ≡
fiiJ

′
i(φ

∗
ii)φ

∗
ii

fijJ ′
i(φ

∗
ij)φ

∗
ij

=
fii(φ

∗
ii)

1−σVi(φ
∗
ii)

fij(φ∗
ij)

1−σVi(φ∗
ij)

.

(A.1)

The definition of αi follows immediately from solving (5) for φ̂∗
ij as in (7). On the other hand, the

equality in (A.1) follows from differentiating Ji(φ
∗) with respect to φ∗:

J ′
i(φ

∗) = −
(
σ − 1

φ∗

)
[Ji(φ

∗) + 1−Gi(φ
∗)]

= −(σ − 1)(φ∗)−σVi(φ
∗),

where the second equality comes from the definitions of Ji(φ∗) and Vi(φ
∗) that satisfy

Ji(φ
∗) + 1−Gi(φ

∗) = (φ∗)1−σVi(φ
∗).

Substituting this equality into the definition of αi gives us the result.
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Next, we show several properties of αi.

• The first property is that αiαj > 1. To show this, from (1), we have that

(
φ∗
ij

φ∗
ii

)σ−1

=
τσijθ

σ−1
ij fij

fii

Bi

Bj
. (A.2)

Substituting this equality into αiαj that satisfies (A.1),

αiαj = (τijτji)
σ(θijθji)

σ−1

(
Vi(φ

∗
ii)Vj(φ

∗
jj)

Vi(φ∗
ij)Vj(φ∗

ji)

)
> 1.

The inequality follows from φ∗
ij > φ∗

ii and noting that Vi(φ
∗) is strictly decreasing in φ∗.

• The second property is that αi = Rii/Rij . Using (1), Rij = M e
i

∫ φmax

φ∗
ij

rij(φ)dGi(φ) is given by

Rij = M e
i σwifij(φ

∗
ij)

1−σVi(φ
∗
ij). (A.3)

The result follows from substituting (A.3) into the equality of (A.1).

• The third property is that λji, λ̃ji and µi are written in terms of αi. By definition,

λji =
τjiRji

Rii + τjiRji
=

τjiRij

Rii + τjiRij
=

τji
αi + τji

,

λ̃ji =
λji

τji(1− λji) + λji
=

1

αi + 1
,

µi =
τji

τji(1− λji) + λji
=

αi + τji
αi + 1

.

(A.4)

This follows from the second property and the trade balance condition.

A.4 Proof of Lemma 2

We first show that εij = σ− 1+ γij . Following Melitz and Redding (2015) and using the domestic
trade share λjj = αj/(αj + τij) from (A.4), this elasticity is defined as

εij = −
∂ ln

(
1−λjj

λjj

)
∂ ln θij

=
∂ ln

(
αj

τij

)
∂ ln θij

.

Note, in our asymmetric-country setting, that εij is defined as the elasticity of the import share
relative to the domestic share in country j. Moreover, using (1) and (A.3), αj = Rjj/Rji = Rjj/Rij

and εij is also defined as the elasticity of imports relative to domestic demand in country j where

αj

τij
=

M e
j

M e
i

(
τijθijwi

wj

)σ−1 Vj(φ
∗
jj)

Vi(φ∗
ij)

.
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Since the partial trade elasticity is estimated from a gravity equation where incomes and price
indices are held constant (Arkolakis et al., 2012), reductions in θij have no impact on M e

i ,M
e
j

and wi, wj appearing in αj/τij . To show this in our model, we follow Melitz and Redding (2015)
in holding the domestic productivity cutoffs (φ∗

ii, φ
∗
jj) constant. It then follows from (8) that the

wage effects are muted as ŵj = 0. Further applying (A.3) to the labor market clearing condition,

Li = M e
i σ
∑
n=i,j

fin(φ
∗
in)

1−σVi(φ
∗
in).

Taking the log and differentiating this equality with respect to θij and using (7),

M̂ e
i =

αi

αi + 1
(γii − γij)φ̂

∗
ii, (A.5)

and the entry effects are muted so long as φ∗
ii is held constant. Taking the partial derivative of

αj/τij with respect to θij holding φ∗
jj constant,

εij =
∂ ln(αj/τij)

∂ ln θij
= (σ − 1)−

∂ lnVi(φ
∗
ij)

∂ lnφ∗
ij

∂φ∗
ij

∂θij
,

where ∂ lnVi(φ
∗
ij)/∂ lnφ∗

ij = d lnVi(φ
∗
ij)/d lnφ

∗
ij from the definition of Vi(φ

∗) and ∂ lnφ∗
ij/∂ ln θij = 1

from (A.2). In a similar vein, we can show that εij is the partial trade elasticity of τij .
Next, we show that φ∗

ii is a single sufficient statistic for welfare even with tariff revenue.
Taking the log and differentiating µi in Lemma 1 with respect to θji,

µ̂i = − (τji − 1)αi

(αi + τji)(αi + 1)
α̂i.

Substituting α̂i = −[σ − 1 + γii + (σ − 1 + γij)αi]φ̂
∗
ii and the definitions of βi and λii in Lemmas 1

and 2 into (9) gives us the result.

A.5 Proof of Proposition 1

We first show (10). From (4), (7), and (8), it follows that

B̂i + (σ − 1)φ̂∗
ii = σŵi, (A.6)

B̂j + (σ − 1)φ̂∗
jj = σŵj , (A.7)

B̂j + (σ − 1)φ̂∗
ij = σŵi, (A.8)

B̂i + (σ − 1)φ̂∗
ji = σŵj + (σ − 1)θ̂ji, (A.9)

φ̂∗
ij = −αiφ̂

∗
ii, (A.10)

φ̂∗
ji = −αjφ̂

∗
jj , (A.11)

ŵi − ŵj = −βiφ̂
∗
ii + βjφ̂

∗
jj . (A.12)
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From (A.6), (A.9), (A.10), (A.12) and (A.7), (A.8), (A.11), (A.12) respectively,

(ρ+ βi)φ̂
∗
ii − (βj − ραj)φ̂

∗
jj = −ρθ̂ji,

−(βi − ραi)φ̂
∗
ii + (βj + ρ)φ̂∗

jj = 0,

where
βi − ραi =

αi

αi + 1
[σ − 1− ρ+ γii + (σ − 1− ρ+ γij)αi] > 0.

Solving for φ̂∗
ii and φ̂∗

jj and subsequently substituting them into (A.12) yields (10). Then,

dφ∗
ii

dθji
< 0,

dφ∗
jj

dθji
< 0,

dφ∗
ij

dθji
> 0,

dφ∗
ji

dθji
> 0,

dBi

dθji
> 0,

dBj

dθji
> 0,

dwi

dθji
> 0.

Further, from (9), we have that dPi/dθji > 0 and dPj/dθji > 0. In contrast, if wi is exogenous,

dφ∗
ii

dθji
> 0,

dφ∗
jj

dθji
< 0,

dφ∗
ij

dθji
< 0,

dφ∗
ji

dθji
> 0,

dBi

dθji
< 0,

dBj

dθji
> 0,

dwi

dθji
= 0,

and, from (9), we have that dPi/dθji < 0 and dPj/dθji > 0. These differences imply that variable
trade costs have different impacts on the extensive and intensive margins.

Next, we show that the impacts of fixed trade costs and tariffs are similar to those of variable
trade costs. Following similar steps, we can derive the equilibrium in changes for fji:

φ̂∗
ii = −βj + ρ

σΞ
f̂ji,

φ̂∗
jj = −βi − ραi

σΞ
f̂ji,

ŵi =
ρ(βi + αiβj)

σΞ
f̂ji,

and those for fij :

φ̂∗
ii = −βj − ραj

σΞ
f̂ij ,

φ̂∗
jj = −βi + ρ

σΞ
f̂ij ,

ŵi = −ρ(βj + αjβi)

σΞ
f̂ij .

and those for τji:

φ̂∗
ii = −βj + ρ

Ξ
τ̂ji,

φ̂∗
jj = −βi − ραi

Ξ
τ̂ji,

ŵi =
ρ(βi + αiβj)

Ξ
τ̂ji,

(A.13)
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and those for τij :

φ̂∗
ii = −βj − ραj

Ξ
τ̂ij ,

φ̂∗
jj = −βi + ρ

Ξ
τ̂ij ,

ŵi = −ρ(βj + αjβi)

Ξ
τ̂ij .

Hence, reductions in any trade costs on exports and imports raise φ∗
ii and φ∗

jj , but starting from a
symmetric situation (i.e., αi = αj and βi = βj), the effect of trade liberalization is always greater
in a liberalizing country than in a non-liberalizing country. Only the difference is that reductions
in import costs θji, fji, τji reduce wi, whereas reductions in export costs θij , fij , τij raise wi.

A.6 Proof of Proposition 2

We first show (16). From (12) and (15),

B̂i + (σ − 1)φ̂∗
ii = σŵi, (A.14)

B̂j + (σ − 1)φ̂∗
jj = σŵj , (A.15)

B̂j + (σ − 1)φ̂∗
ij = σŵi, (A.16)

B̂i + (σ − 1)φ̂∗
ji = σŵj , (A.17)

ŵi − ŵj = −βiφ̂
∗
ii + βjφ̂

∗
jj − L̂i. (A.18)

From (A.10), (A.14), (A.17), (A.18) and (A.11), (A.15), (A.16), (A.18) respectively,

(βi + ρ)φ̂∗
ii − (βj − ραj)φ̂

∗
jj = −L̂i,

−(βi − ραi)φ̂
∗
ii + (βj + ρ)φ̂∗

jj = L̂i.

Solving for φ̂∗
ii and φ̂∗

jj and substituting them into (A.18) yields (16).
Next, we show that (14) can be expressed in terms of the domestic productivity cutoff φ∗

ii only.
Substituting L̂i = −(βi + ρ)φ̂∗

ii + (βj − ραj)φ̂
∗
jj derived above into (14),

Ŵi =

(
(τji − 1)λii

ρ

βi
αi

+ 1

)
φ̂∗
ii +

1

σ − 1
(−(βi + ρ)φ̂∗

ii + (βj − ραj)φ̂
∗
jj)

=
1

ρ

(
(1− λii)βi − λii

βi
αi

+ ρ− βi + ρ

σ

)
φ̂∗
ii +

1

σ − 1
(βj − ραj)φ̂

∗
jj

=
1

σ − 1

(
(σ − 1)(βi + ρ)− σβi

(
αi + 1

αi + τji

)
︸ ︷︷ ︸

1
µi

−(βj − ραj)

(
αi + 1

αj + 1

))
φ̂∗
ii,

where the second equality comes from rewriting λii = αi/(αi + τji) in (A.4) as τjiλii = αi(1− λii)
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and the third equality comes from rewriting the first two relationships in (16) as

φ̂∗
jj = −

(
αi + 1

αj + 1

)
φ̂∗
ii.

Finally, we show that starting from a symmetric situation and free trade, market expansion
unambiguously improves welfare for country i. Evaluating at αi = αj , βi = βj and µi = 1,

Ŵi = − 1

σ − 1
(βi − (σ − 1)ρ+ (βi − ραi)) φ̂

∗
ii,

where βi − (σ − 1)ρ > 0. The desired result follows from φ̂∗
ii < 0. Together with (7) and (12),

dφ∗
ii

dLi
< 0,

dφ∗
jj

dLi
> 0,

dφ∗
ij

dLi
> 0,

dφ∗
ji

dLi
< 0,

dBi

dLi
> 0,

dBj

dLi
< 0,

dwi

dLi
> 0.

Further, from (14), we have that dPi/dLi < 0 and dPj/dLi < 0. In contrast, if wi is exogenous,

dφ∗
ii

dLi
= 0,

dφ∗
jj

dLi
= 0,

dφ∗
ij

dLi
= 0,

dφ∗
ji

dLi
= 0,

dBi

dLi
= 0,

dBj

dLi
= 0,

dwi

dLi
= 0,

and, from (14), dPi/dLi < 0 and dPj/dLi = 0.

A.7 Proof of Proposition 3

We first show the derivation of (18). Taking the log and differentiating Wi with respect to τji,

Ŵi =
1

ρ
(τji − 1)

(
αi

αi + τji

)
︸ ︷︷ ︸

λii

βi
αi

φ̂∗
ii +

1

ρ

(
τji

αi + τji

)
︸ ︷︷ ︸

λji

τ̂ji + φ̂∗
ii

=

(
(τji − 1)λii

ρ

βi
αi

+ 1

)
φ̂∗
ii +

1

ρ
λjiτ̂ji.

Compared to (9), there is an additional term that captures changes in tariff revenue raised by
changes in τji. Taking the log and differentiating (1) with respect to τji gives the counterparts to
(A.6) and (A.9). Cancelling B̂i out from these and using (7) and (8) that hold for changes in τji,

τ̂ji = −(βi + ρ)φ̂∗
ii + (βj − ραj)φ̂

∗
jj .

Further, noting that λji = 1− λii and substituting τ̂ji derived above,

Ŵi = −1

ρ

λii

αi
(βi − ραi)φ̂

∗
ii +

1

ρ
λji(βj − ραj)φ̂

∗
jj . (A.19)

Since an increase in tariffs decreases both φ∗
ii and φ∗

jj , (A.19) shows that tariffs in country i have
a positive (negative) impact on welfare in country i by increasing (decreasing) consumption of
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domestic (imported) varieties. In fact, φ̂∗
ii and φ̂∗

jj have the following relationship from (A.13):

φ̂∗
jj =

(
βi − ραi

βj + ρ

)
φ̂∗
ii.

Substituting this into (A.19) and rearranging,

Ŵi =
βi − ραi

ρ

(
−λii

αi
+

λji(βj − ραj)

βj + ρ

)
φ̂∗
ii.

Further, substituting λii/αi = λji/τji from (A.4) into the above, we obtain the expression in (18).
Next, we show that starting from a symmetric situation, country i’s gains cannot compensate

country j’s losses. Adding Ŵi in (A.19) and Ŵj in the main text,

Ŵi + Ŵj = −1

ρ

λii

αi
(βi − ραi)φ̂

∗
ii +

(
(τji − 1)λjj

ρ

βj
αj

+ 1 +
λji

ρ
(βj − ραj)

)
φ̂∗
jj

=
βi − ραi

ρΞ

(
βj + ρ

αi + τji
− (τji − 1)βj

αj + τij
− ρ− τji(βj − ραj)

αi + τji

)
τ̂ji,

where the second equality follows from using (A.4) and (A.13). Notice that the first term in the
brackets is positive and the others are negative, which means that changes in total welfare are
in general ambiguous, as in changes in country i’s welfare. However, evaluating at a symmetric
situation where αi = αj , βi = βj and τij = τji,

Ŵi + Ŵj = −βi − ραi

ρΞ

(
(τji − 1)(βi + ρ+ βi − ραi)

αi + τji

)
τ̂ji,

where the value in the brackets is positive from observing that τji − 1 ≥ 0. This establishes the
desired result.

Finally, we show the derivation of (19). Taking the log and differentiating Wi with respect to
τji, welfare changes can be simply expressed as

Ŵi =
µ̂i

ρ
+ φ̂∗

ii.

To show that changes can be expressed in terms of changes in λii and µi, we use the fact that
λii × µi = αi/(αi + 1) from (A.4). Taking the log and differentiating this with respect to τji,

λ̂ii + µ̂i = −βi
αi

φ̂∗
ii. (A.20)

Solving for φ̂∗
ii and substituting it into the above welfare changes gives us the expression in (19).

Note that these changes in Ŵi and λ̂ii + µ̂i hold with respect to θji and fji, and (19) also applies
to variable and fixed trade costs. While (19) is expressed in terms of λ̂ii and µ̂i only, it is possible
to express (19) in terms of M̂ e

i as well. Using the general expression of βi/αi in Lemma 2(i), let
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us further express (19) as

Ŵi = −
(

αi + 1

εij(αi + 1) + γii − γij

)
λ̂ii +

(
1

ρ
− αi + 1

εij(αi + 1) + γii − γij

)
µ̂i.

After rearranging, this can be rewritten as

Ŵi = −
(

1

εij + γii − γij

)
λ̂ii −

(
αi(γii − γij)

(εij + γii − γij)((αi + 1)εij + γii − γij)

)
λ̂ii

+

(
1

ρ
− 1

εij + γii − γij
− αi(γii − γij)

(εij + γii − γij)((αi + 1)εij + γii − γij)

)
µ̂i.

Solving (A.5) for φ̂∗
ii that holds for changes in τji and substituting this and βi/αi into (A.20),

λ̂ii = −
(
(αj + 1)εij + γii − γij

αi(γii − γij)

)
M̂ e

i − µ̂i.

Substituting this into the second λ̂ii above yields the expression Ŵi mentioned as the counterpart
to Melitz and Redding (2015), which becomes the same as theirs without tariff revenue (µ̂i = 0).

A.8 Proof of Lemma 3

We first show that, if γjj − γji is negative (positive), εji is increasing (decreasing) in trade costs.
Let ϕ ∈ {θij , θji, fij , fji, τij , τji} denote a set of trade costs between countries. From the definition
of γjn, let us re-express this as a function of the productivity cutoff φ∗

jn for n = i, j:

γj(φ
∗
jn) ≡ −

d lnVj(φ
∗
jn)

d lnφ∗
jn

.

If γj(φ∗
jn) is strictly increasing (decreasing) in the productivity cutoff φ∗

jn, the extensive margin
elasticity differential is negative (positive) under export market selection so that

γ′j(φ
∗
jn) ⋛ 0 =⇒ γjj − γji ⋚ 0.

With this restriction, the sign of the extensive margin elasticity differential is therefore the same
for a given productivity distribution Gj(φ). Then exploiting the fact that φ∗

jj is held constant for
the derivation of the partial trade elasticity εji = σ − 1 + γji (see Appendix A.4),

dεji
dϕ

= γ′j(φ
∗
ji)

dφ∗
ji

dϕ
.

Note that, if γj(φ∗
jn) is constant, εji is invariant to ϕ. Since

dφ∗
ji

dϕ > 0 from Proposition 1,

γ′j(φ
∗
jn) ⋛ 0 =⇒ dεji

dϕ
⋛ 0.
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Next, we show that, if γjj − γji is negative (positive), εji is decreasing (increasing) in market
size in country i, while the converse is true for market size in country j. Differentiating εji with
respect to Li and Lj respectively and noting that

dφ∗
ji

dLi
< 0 and

dφ∗
ji

dLj
> 0 from Proposition 2,

γ′j(φ
∗
jn) ⋛ 0 =⇒ dεji

dLi
⋚ 0,

γ′j(φ
∗
jn) ⋛ 0 =⇒ dεji

dLj
⋛ 0.

The result follows immediately from the above expressions.

A.9 Proof of Proposition 4

We first show that, if γjj − γji is negative (positive), reductions in trade costs have the impact on
t∗ji not only by decreasing λ̃jj but also by decreasing (increasing) εji. To show this, recall that the
optimal tariff in (20) is rewritten as

t∗ji =
ρ

λ̃jj

(
βj

αj
− ρ
) ,

where reductions in ϕ ∈ {θij , θji, fij , fji, τij , τji} necessarily decrease λ̃jj irrespective of the sign of
γjj − γji from Proposition 1. For our purpose, it thus suffices to show that, if γjj − γji is negative
(positive), βj/αj decreases (increases) with ϕ. From Lemma 2(i), βj/αj = εji + (γjj − γji)/(αj +1)

and differentiating this with respect to ϕ,

d(βj/αj)

dϕ
= γ′j(φ

∗
ji)

dφ∗
ji

dϕ
+

−γ′j(φ
∗
ji)

dφ∗
ji

dϕ (αj + 1)− (γji − γjj)
dαj

dϕ

(αj + 1)2

=
αj

αj + 1

(
dεji
dϕ

−
(

γjj − γji
αj(αj + 1)

)
dαj

dϕ

)
.

Using the impact of ϕ on εji in Lemma 3 and dαj

dϕ > 0 from Proposition 1,

γ′j(φ
∗
jn) ⋛ 0 =⇒ d(βj/αj)

dϕ
⋛ 0,

Note that, if γj(φ∗
jn) is constant, βj/αj is invariant to ϕ.

Next, we show that country size has a similar impact on t∗ji. From the impact of market size
on λ̃jj from Proposition 2, it suffices to see the impact of Li, Lj on βj/αj :

γ′j(φ
∗
jn) ⋛ 0 =⇒ d(βj/αj)

dLi
⋚ 0,

γ′j(φ
∗
jn) ⋛ 0 =⇒ d(βj/αj)

dLj
⋛ 0.
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A.10 Proof of Proposition 5

We first show that, if γd − γx is negative (positive), reductions in trade costs not only decrease λ̃

but also decrease (increase) ε, thereby increasing (decreasing) τ∗ relative to that with γd−γx = 0

in Nash equilibrium. Evaluating (A.6)-(A.11) at a symmetric situation by defining Bi = Bj ≡ B,
φ∗
ii = φ∗

jj ≡ φ∗
d and φ∗

ij = φ∗
ji ≡ φ∗

x,

B̂ + (σ − 1)φ̂∗
d = 0,

B̂ + (σ − 1)φ̂∗
x = (σ − 1)θ̂,

φ̂∗
x = −αφ̂∗

d,

which can be solved for
φ̂∗
d = − 1

α+ 1
θ̂, φ̂∗

x =
α

α+ 1
θ̂.

Further, noting from (A.4) that λ̃ = α/(α+ 1),

ˆ̃
λ = −

(
σ − 1 + γd + (σ − 1 + γx)α

α+ 1

)
φ̂∗
d.

Since φ∗
d is decreasing in θ, reductions in θ decrease λ̃ irrespective of the sign of λd − λx. As for

the partial trade elasticity, differentiating ε = σ − 1 + γ(φ∗
x) with respect to θ,

dε

dθ
= γ′(φ∗

x)
dφ∗

x

dθ
.

As φ∗
x is increasing in θ, if γ(φ∗

h) is strictly increasing (decreasing) in φ∗
h for h = d, x so that

γd−γx < (>)0, reductions in θ decrease (increase) ε. Note that, if γ(φ∗
h) is constant, ε is invariant

to θ. Together with the impact on λ̃ above, if γd − γx is negative (positive and increases in ε are
greater than reductions in λ̃), reductions in θ shift up (down) f(τ), which increase (decrease) τ∗.
A similar proof also applies to reductions in fx.

Next, we show that, irrespective of the sign of γd − γx, market expansions have no impact on
λ̃ and ε and hence τ∗ in Nash equilibrium. Evaluating (A.14)-(A.17) at a symmetric situation,

B̂ + (σ − 1)φ̂∗
d = 0,

B̂ + (σ − 1)φ̂∗
x = 0,

φ̂∗
x = −αφ̂∗

d,

which can be solved for
φ̂∗
d = φ̂∗

x = 0.

Since φ∗
d and φ∗

x are invariant to country size in a symmetric situation, neither λ̃ nor ε is affected
by country size as well. Thus increases in L have no impact on f(τ) as well as τ∗ regardless of
the sign of γd − γx.
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Finally, we show that, if γd−γx is negative (positive), reductions in trade costs narrow (widen)
the gap between τ̄∗ and τ∗, whereas expansions in market size have no impact on these bounds
irrespective of the sign of γd − γx in Nash equilibrium. Evaluating τ̄∗ at a symmetric situation
and differentiating it with respect to θ,

γ′(φ∗
h) ⋛ 0 =⇒ dτ∗

dθ
=

ρ
(
1− fx

fd

)
(ε− ρ)2

dε

dθ
⋛ 0,

where 1 − fx
fd

< 0. Thus, if γ(φ∗
h) is strictly increasing (decreasing) in φ∗

h, the upper bound τ̄∗ is
stritly increasing (decreasing) in θ. Note that, if γ(φ∗

h) is constant, so is ε and the upper bound is
not affected by reductions in θ. Regarding τ∗, on the other hand, let us rewrite it as

τ∗ =
β
α

β
α − ρ

.

Differentiating this expression with respect to θ,

γ′(φ∗
h) ⋛ 0 =⇒ dτ∗

dθ
= − ρ

(βα − ρ)2
d(β/α)

dθ
⋚ 0.

Thus, if γ(φ∗
h) is strictly increasing (decreasing) in φ∗

h, the lower bound τ∗ is strictly decreasing
(increasing) in θ. Note that, if γ(φ∗

h) is constant, so is β/α and the lower bound is not affected.
While fx has a similar impact on the two bounds, L has no impact on φ∗

d, φ
∗
x and hence λ̃ as well

as ε as shown above, which means that increases in L have no impact on the two bounds.
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