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Abstract 

This paper constructs an overlapping generations model wherein people decide their number of 
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place according to the difference between the utility inside and outside a country. We show that an 

improvement in longevity has three effects on the market size and welfare: First, it decreases the 

number of children. Second, it increases the per capita expenditure on consumption. Finally, it 

increases immigration. The first effect has negative impacts on market size and welfare whereas the 

latter two effects have positive impacts. We then calibrate our model to match Japanese and U.S. data 
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1 Introduction

Changes in a country�s population consist of natural changes, which are determined by fertility and
mortality, and social changes, which are determined by immigration. For the former change, we
have observed very similar trends in many countries during the past half century, that is, consecutive
improvements in longevity and declines in fertility. For instance, the life expectancy of age 15 males
from 1955 to 2014 has steadily increased from 53.09 to 65.81 years in Japan and from 54.8 to 62.1 years
in the United States.1 And from 1960 to 2015, the total fertility rate has declined from 2.00 to 1.46
in Japan and from 3.65 to 1.84 in the United States. In contrast to such similar natural changes, we
have observed distinct di¤erences in the social changes, that is, immigration between these countries.
The number of total cumulative net immigrants from 1955 to 2014 was about 1.2 million in Japan
and 40.3 million in the United States. Because Japan had a population of 127 million and the United
States had a population of 319 million in 2014, the population of the United States is 2.5 times that
of Japan, whereas immigration to the United States is 33.5 times that to Japan, implying that the
United States has absorbed immigrants much more intensively than Japan. Such a di¤erence in social
changes inevitably results in a di¤erence in population growth, which has become visible in recent
years. The average annual population growth rate from 1955 to 1989 was 0.93% in Japan and 1.12%
in the United States, while the �gures from 1990 to 2014 were 0.12% in Japan and 1.02% in the United
States.2 What can we uncover from such similarity in the natural changes and such di¤erence in the
social changes?

This paper aims to investigate the linkages among life expectancy, fertility, immigration, and pop-
ulation, and to uncover the possible impacts of increases in longevity on social welfare through changes
in population. For this purpose, we focus on the role of market size. The population undoubtedly af-
fects a country�s market size, which in turn, is known to be a major engine that attracts �rm activities
in a global economy (Fujita et al., 1999; Baldwin et al., 2003; Combes et al., 2008). Hence, if a change
in demographics increases the market size, �rm activities will subsequently rush into the country,
resulting in a rise in the country�s welfare. If a change decreases the market size, the opposite holds
true and there is a decline in the country�s welfare. This is not the end of the story. If immigration
takes place in response to the change in demographics, then it will also a¤ect the country�s market
size and welfare.

In this paper, we develop an overlapping generations model wherein people decide their number of
children, i.e., fertility, and their consumption levels of di¤erentiated goods. Di¤erentiated goods are
produced under monopolistic competition, implying that a larger market size induces more �rms to
enter the market and increases the variety of di¤erentiated goods, which increases the people�s utility.
Moreover, we assume a small open country and immigration occurs when the utility becomes higher
inside the country than outside the country.

By using this framework, we examine the e¤ects of improvements in longevity on population size,
market size, and welfare. Our theoretical analysis shows that improvements in longevity a¤ect the
market size through three e¤ects: First, it decreases fertility because parents need to prepare for
consumption in their old period. Second, it increases the per capita lifetime consumption. Finally, it
increases immigration, since the improved longevity raises the individual utility. The �rst e¤ect has

1The sources of data used in this section are as follows. We obtained life expectancy data from the Life Table
(Ministry of Health, Labour and Welfare) for Japan and the National Vital Statistics System (CDC/National Center for
Health Statistics) for the United States. The total population size comes from the Vital Statistics (Ministry of Health,
Labour and Welfare) for Japan and the Annual Estimates of the Resident Population for Selected Age Groups by Sex
(Population Division, U.S. Census Bureau) for the United States. The total fertility rate for both countries is taken
from http://data.worldbank.org/indicator/SP.DYN.TFRT.IN? on April 18, 2017. The immigration data comes from the
Statistical Survey on Legal Migrants (Ministry of Justice) for Japan and the 2014 Yearbook of immigration Statistics
(O¢ ce of Immigration Statistics, Department of Homeland Security) for the United States.

2Very recently, the Japanese population had already started to decrease. The 2015 Population Census reported that
the Japanese population had decreased by 0.96 million from 2010 to 2015.
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negative impacts on the market size and welfare whereas the latter two e¤ects have positive impacts.
We then calibrate our model to match the Japanese and U.S. data from 1955 to 2014 and conduct

counterfactual analyses. Our �rst counterfactual analysis examines the e¤ects of improvements in
longevity and shows that a higher value for the survival rate results in a smaller market size. This
implies that the negative impacts of improvements in longevity dominate the positive ones both in
Japan and the United States.

Our second counterfactual analysis considers the scenario wherein Japan is as open towards immi-
gration as the United States and the United States is as closed towards immigration as Japan. We then
show that under this scenario Japan would have experienced a much higher growth in population and
market size whereas the United States would have experienced much lower growth. This result implies
that the United States has enjoyed gains from immigration whereas Japan can overcome shrinkages
in its market size caused by aging if it accepts more immigrants.

Here, we present the related literature. Many existing studies including Acemoglu and Johnson
(2007), Lorentzen et al. (2008), and Cervellatti and Sunde (2011) provided empirical evidences that
longer life expectancy reduces the fertility rate. Several studies have developed frameworks that can
explain this stylized fact: Kalemli-Ozcan (2002, 2003) and Kalemli-Ozcan et al. (2000) investigated
the impact of uncertainty about the number of surviving children on fertility and population growth,
and showed that if parents are risk averse, they reduce the number of children as the child�s survival
rate improves. Ehrlich and Lui (1991), Soares (2005), and Bar and Leukhina (2010) presented models
wherein longer life expectancy leads parents to invest more in their children�s education and to have
fewer children. Yakita (2001), Zhang and Zhang (2001ab) and Miyazawa (2006) extended the model
of accidental bequest a la Abel (1985) by endogenizing fertility, and showed that longer life expectancy
induces people to save more when they are young in preparation for consumption when they are old,
which decreases the number of children. In this paper, we also employ the model of the accidental
bequest with endogenous fertility and further extend it by incorporating immigration and the market
size e¤ect on welfare.

Our analysis is also related to the literature on the impact of immigration on the labor markets of
host countries that includes Card (2001, 2009), Borjas (2003), Ottaviano and Peri (2012), and Otta-
viano et al. (2013), among others. These studies empirically investigated the impact of immigration
on wage and employment in the host countries. We examine the impact of immigration using a larger
scale by focusing on the market size, and theoretically investigating the welfare impacts. In this sense,
our analysis is more closely related to the literature on trade and geography models a la Fujita et al.
(1999), Baldwin et al. (2003) and Combes et al. (2008). In a standard trade and geography model,
mobile workers are attracted to countries that o¤er a large variety of goods. Such immigration enlarges
the host countries�market size and induces the entry of �rms, which increases the variety of goods
and welfare there. We depart from trade and geography models by incorporating the overlapping
generations structure, longevity, and fertility.

Demographics consist of both natural changes and social changes. The �rst strand of the related
literature focused only on the former and the second strand focused only on the latter. Our analysis
bridges a gap between the two strands by considering the interlinkages among life expectancy, fertility,
immigration, and market size in order to examine the possible impacts of improvements in longevity
on the social welfare.

The paper is structured as follows. Section 2 provides the baseline model. Section 3 characterizes
equilibrium and Section 4 examines the e¤ects of improvements in longevity on the market size and
welfare. Section 5 conducts calibration analyses. Section 6 concludes the paper.
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2 The model

2.1 Individuals

Consider a discrete time overlapping generations model wherein an individual resides in a small open
country and lives for three periods: childhood, young (working), and old (retirement) periods. During
childhood, the individual does nothing. While young, she works to obtain a wage income, consumes
goods, and has children. When old, her children grows up to become young individuals and she spends
her savings on consumption. We employ the individual�s utility function as follows:

Ut = ln cyt + �� ln cot+1 + 
 lnnt: (1)

where cyt is the young individual�s consumption in period t, and cot+1 is the old individual�s con-
sumption in period t + 1. The subscripts y and o represents that the individual is young and old,
respectively. Following the literature of endogenous fertility models, such as Eckstein and Wolpin
(1985), we assume that individuals obtain utility from having children and that the level of utility
depends on the number of children, nt. �, 
, and � are positive constants: � represents the discount
factor satisfying that 0 < � < 1, and � is the survival rate of a young individual living into the old
period and satis�es that 0 < � < 1. In this paper, the value of � represents the degree of a society�s
longevity, and a rise in � implies an improvement in longevity. We focus on changes in this parameter
to investigate the impacts of increases in longevity on market structure and welfare.

We assume that consumption goods are di¤erentiated and produced under monopolistic competi-
tion a la Dixit and Stiglitz (1977). LettingMjt denote the consumption of di¤erentiated goods, j individual�s
consumption (j = y; o), cjt, is given by

cyt =Myt; cot+1 =Mot+1: (2)

Moreover, Mjt is nested by a CES function as

Mjt =

�Z mt

0
xjt(i)

(��1)=�di+

Z mw

0
xwjt(i)

(��1)=�di

��=(��1)
; (3)

where � is the elasticity of substitution satisfying that � > 1. x(i) is the consumption level of
a particular di¤erentiated good i. Here, mt and mw represent the number of di¤erentiated goods
produced in the country and that of di¤erentiated goods imported from abroad (the rest of the world),
respectively. The subscript w represents the variable is related to the imported goods. Because we
assume the country is small open, the number of imported di¤erentiated goods, mw, is exogenous
whereas the number of domestically produced goods, mt, is endogenous. As is well known in the
literature on trade and geography models, the existence of such di¤erentiated goods results in the
backward-linkage e¤ect (Fujita et al, 1999), which means that a larger market size encourages a greater
number of �rms to enter the market. This increases the number of available di¤erentiated goods, and
makes it possible for an individual to enjoy higher utility for a given nominal income.3 This e¤ect
plays a key role in understanding the relationship between the market structure and demographics.4

We assume a global capital market, so the assumption of a small open country implies that the
interest, Rt, in a country is �xed at the exogenous world interest: Rt = R. To abstract from the
risk associated with uncertain lifespans, we follow Blanchard (1985) and Yaari (1965) in assuming a
perfect annuities market, that is, all savings are intermediated through mutual funds. At the end of

3 In a multi-country setting involving trade of di¤erentiated goods, this causes the home market e¤ect, under which a
country with a larger market size hosts a more than proportionate share of �rms and production activities.

4We ignore the population distribution within a country, which can potentially a¤ect the degree of backward linkage
through responses of households� location choices. If we fully incorporate the multiple regions and location choices of
�rms and households, our model would explode and become intractable.
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her young period, each individual deposits her savings with a mutual fund. The mutual fund invests
these savings in the global capital market and guarantees a gross return of bR to the survivors entering
the old period. If a fund earns a gross return bR on its investment, then perfect competition yieldsbR = R=� in equilibrium. Having this in mind, the budget constraints are given as

wt =

Z mt

0
pt(i)xyt(i)di+

Z mw

0
�pwxwyt(i)di+ bnt + st; (4)

R

�
st =

Z mt+1

0
pt+1(i)xot+1(i)di+

Z mw

0
�pwxwot+1(i)di: (5)

We describe the price of di¤erentiated good i by p(i). To simplify the notation, we assume that the
prices of di¤erentiated goods imported from abroad are the same, that is, pw(i) = �pw, 8i 2 [0;mw],
where pw is the price of a foreign di¤erentiated good sold in the country of production, which is given
and constant, because of an assumption of a small open economy. In this paper, we assume the iceberg
transport cost, that is, to consume one unit of a foreign good, � units of the good must be transported,
where � > 1.5 Equation (4) represents the young individual�s constraint, where st and wt are savings
and wage income, respectively, and b is a positive constant representing the child rearing cost. A young
individual inelastically supplies her labor endowments, which are normalized to one, spends her wage
income on the consumption of di¤erentiated goods, child rearing, and savings. Equation (5) describes
the old individual�s constraint, wherein she uses her savings for consumption. We treat labor in the
country as the numéraire. This implies that the wage income of a young individual is equal to one:
wt = 1.

Plugging (2) and (3) into (1), and maximizing it under (4) and (5), we obtain the following demand
functions for the di¤erentiated goods:6

xyt(i) =
1

(1 + 
 + ��)pt(i)�P
1��
t

; xot+1(i) =
�R

(1 + 
 + ��)pt+1(i)�P
1��
t+1

; (6)

where Pt is the price index de�ned as

Pt =

�Z mt

0
pt(i)

1��di+

Z mw

0
�1��p1��w

�1=(1��)
: (7)

The number of children is given by
nt =




b(1 + 
 + ��)
; (8)

and the level of savings , st, is determined as

st =
��

1 + 
 + ��
: (9)

By using (3) and (6), the young and old individuals�consumption (2) becomes as follows:

cyt =
1

Pt(1 + 
 + ��)
; cot+1 =

�R

Pt+1(1 + 
 + ��)
: (10)

We can observe that @cyt=@� < 0, @nt=@� < 0, @st=@� > 0 and @cot+1=@� < 0. When the survival
rate rises, an individual has an incentive to increase her savings for old period consumption by de-
creasing her young period consumption and number of children. Despite such incentive, the old period
consumption also decreases with the survival rate because of reductions in the real interest rate in
this economy, RPt=�Pt+1. Moreover, as is standard in trade and geography models, consumption and
utility depend on the price index, Pt, which, in turn, depends on the market size as will be shown
later.

5As we see later, under the iceberg transport cost, � , a pro�t maximizing �rm sets its export price as the domestic
price multiplied by � .

6xwyt(i) and xwot+1(i) are obtained by replacing pt(i) and pt+1(i) with �pw in (6), respectively.
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2.2 Firms

Now we move to a description of the production structure. The di¤erentiated goods are produced
under monopolistic competition. To produce a di¤erentiated good, f units of labor are required as
�xed inputs, and producing one unit of a di¤erentiated good requires c units of labor as variable
inputs. Hence, letting Lt denote the number of young individuals in period t, the pro�t of a �rm
producing di¤erentiated good i in a country is given as7

�t(i) = (pt(i)� c) (xot(i)�Lt�1 + xyt(i)Lt) + (pwt(i)� �c) (xwot(i)�wLwt�1 + xwyt(i)Lwt)� f:

The �rst term represents the pro�t from domestic sales whereas the second term describes the pro�t
from foreign sales. Here, we assume that the foreign demand structure is similar to the domestic
demand structure.8 The pro�t function can be written as

�t(i) = (pt(i)� c)
MSt

pt(i)�P
1��
t

+ (pwt(i)� �c)
MSw

pwt(i)�P
1��
w

� f; (11)

where MSt is the country�s market size and de�ned as

MSt =
��R

1 + 
 + ��
Lt�1 +

1

1 + 
 + ��
Lt: (12)

We de�ne

Pw =

�Z mt

0
�1��pt(i)

1��di+

Z mw

0
p1��w

�1=(1��)
:

The market size represents the aggregate income spent on consumption. The foreign market size,
MSw, is de�ned in a similar way and we assume it is exogenous. A �rm�s pro�t maximization with
respect to price, pt(i), yields

pt(i) = p �
�c

� � 1 ; pwt(i) = �p:

From this, we readily know that the price index (7) and �rm�s pro�t (11) become

Pt =
�
mtp

1�� + �mwp
1��
w

�1=(1��)
; (13)

�t =

�
1

�

��
MSt

mt + �mw(cw=c)1��
+

�MSw
�mt +mw(cw=c)1��

�
� f: (14)

where � is de�ned as � � �1�� 2 (0; 1) and denotes the degree of trade freedom. cw is de�ned as
cw � (� � 1)pw=�, which represents the foreign marginal cost of production. As is standard in trade
and geography models, (13) and (14) imply that a larger number of �rms decreases the price index
and the �rm�s pro�t:

@Pt
@mt

< 0;
@�t
@mt

< 0. (15)

We assume free entry and exit of �rms. Hence, new �rms enter until the pro�t is driven to zero. In
equilibrium, the number of �rms, mt, is determined by the following free-entry condition:

MSt
mt + �mw(cw=c)1��

+
�MSw

�mt +mw(cw=c)1��
= f�: (16)

7This implies that the number of surviving old individuals in period t becomes as �Lt�1, and the number of children
in period t is given by ntLt, which is the number of young individuals in period t+ 1.

8Note here that the foreign wage rate is not necessarily equal to one. Labor productivity can di¤er between countries.

6



We can solve it for the equilibrium number of �rms:

mt =
1

2f��

�
� (MSt +MSw)� fk�mw

�
1 + �2

��
(17)

+
1

2f��

q�
� (MSt +MSw)� fk�mw

�
1 + �2

��2
+ 4fk��mw [MSt + �(�MSw � fk�mw)]

=
1

2f�
(MSt +MSw)�

kmw

2�
(1 + �2)

+

s�
1

2f�
(MSt +MSw)�

kmw

2�
(1 + �2)

�2
+
kmw

f�

�
MSt
�

+ �MSw

�
� (kmw)

2

where k is the relative marginal cost and de�ned as k � (cw=c)1��. We know from (17) that a growth
in market size induces further �rm entry: @mt=@MSt > 0, which, combined with (15), yields

@Pt
@MSt

< 0: (18)

2.3 Demographic structure

Given the demand and supply sides structures described so far, we obtain the level of an individual�s
(indirect) utility, Vt. We assume that if Vt is su¢ ciently large to exceed the exogenous level of a
foreign individual�s utility, Vw, immigrants will enter the country, and if Vt is smaller than Vw, some
individuals in the country will emigrate. We assume that only young individuals will enter and exit
the country and that such migration will take place at the beginning of each period.9 Let �t denote the
number of (young) immigrants. From (8), the law of motion of the youth population can be described
as

Lt+1 =



b(1 + 
 + ��)
Lt + �t+1: (19)

The �rst term represents the number of young individuals born in the country whereas the second term
represents the number of young individuals immigrating (emigrating) from abroad (to the country).
The total number of young individuals in the next period is the sum of these two numbers. In this
paper, we focus on the steady-state, which requires that the population size does not change over
time.

3 Equilibrium

We characterize the steady-state equilibrium. First, we pin down the relationship between the youth
population size, Lt, and the number of immigrants, �t, which is given by (25). For this, we need to
know the means of dependence of the individual�s indirect utility, Vt, on Lt. Plugging (8) and (10)
into (1), an individual�s Indirect utility in the country, Vt, can be written as

Vt = ln
1

(1 + 
 + ��)Pt
+ �� ln

�R

(1 + 
 + ��)Pt+1
+ 
 ln




(1 + 
 + ��)b
(20)

= 	(�)� lnPt � �� lnPt+1;

where 	(�) is de�ned as	(�) � 
 (ln 
 � ln b) + �� ln (�R) � (1 + 
 + ��) ln (1 + 
 + ��). Equation
(20) implies that it is su¢ cient to examine the level of the price index to know the level of indirect
utility. Moreover, (13) and (17) show that the market size, via the number of �rms, determines the

9We assume this for analytical tractability. Issues related to the timing of migration are beyond the scope of this
paper.
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price index, and as shown in (18), a larger market size results in a lower price index. Hence, all we
need to know is the market size in order to examine the level of indirect utility.

From (20), we obtain

Vtj�t=�t+1=0 = 	(�)� ln Ptj�t=0 � �� ln Pt+1j�t+1=0 : (21)

From (12) and (19), the market size of the country can be written as

MSt =

�
1

1 + 
 + ��
+
b��R




�
(Lt � �t) +

1

1 + 
 + ��
�t; (22)

MSt+1 =
��R

1 + 
 + ��
Lt +

1

1 + 
 + ��

�



b(1 + 
 + ��)
Lt + �t+1

�
:

In the absence of migration (�t = �t+1 = 0), the market size then becomes as

MStj�t=0 =

�
1

1 + 
 + ��
+
b��R




�
Lt; (23)

MSt+1j�t+1=0 =

�
1

1 + 
 + ��
+
b��R




�



b(1 + 
 + ��)
Lt;

which implies that a larger youth population results in a larger market size. This, combined with (18),
leads to a lower price index:

@ Ptj�t=0
@Lt

=
@ Ptj�t=0
@ MStj�t=0

@ MStj�t=0
@Lt

< 0;

@ Pt+1j�t+1=0
@Lt

=
@ Pt+1j�t+1=0
@ MSt+1j�t+1=0

@ MSt+1j�t+1=0
@Lt

< 0:

From (21), we readily know that the indirect utility rises along with an increase in the young population
size:

@ Vtj�t=�t+1=0
@Lt

> 0 (24)

Hereafter, we make the following assumption:10

Assumption 1
lim
Lt!0

Vtj�t=�t+1=0 < Vw < lim
Lt!1

Vtj�t=�t+1=0 :

This assumption requires that the indirect utility without young population is lower than a foreign
individual�s utility, Vw, whereas the indirect utility with an in�nitely large young population is greater
than Vw. Under Assumption 1, (24) ensures that there exists a certain threshold value of the youth
population size, Lt, that satis�es Vtj�t=�t+1=0 = Vw. We de�ne such Lt as bL.11

To derive equilibrium, we assume that �t is determined as follows:

�t+1 =

8><>:
"+ �(Lt � bL) if Vtj�t=�t+1=0 > Vw;

0 if Vtj�t=�t+1=0 = Vw;
�"+ �(Lt � bL) if Vtj�t=�t+1=0 < Vw;

(25)

10This assumption can be written in parameters as 	(�)� (1 + ��) ln pw (�mw)
1=(1��) < Vw < 	(�).

11Note that bL is time-invariant.
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where " and � are positive constants.12 This speci�cation implies that if the utility in the absence
of migration is higher in the country than abroad in period t (i.e., Lt > bL), a certain number of
immigrants ("+�(Lt� bL) young individuals) enter the country in the next period, and if the opposite
holds true (i.e., Lt < bL), a certain number of emigrants (" � �(Lt � bL) young individuals) exit the
country. The size of immigrant �ows depends on the di¤erence between the current population and
the population that equalizes the domestic utility and foreign utility. We assume that a certain mass,
", of immigrants will move irrespective of the degree of utility di¤erence to ensure the existence of a
steady-state with a positive population size.

Given the relationship between Lt and Vt in hand, the law of motion of the youth population (19)
can be depicted as in Figure 1.

[Figure 1 around here: The law of motion of youth population]

From Figure 1, we can readily see that no stable steady-state equilibrium with positive population size
exists if �+
= [b(1 + 
 + ��)] � 1. And if this inequality holds true, even a small perturbation makes
Lt eventually converge to 0 or diverge to in�nity, implying that the steady-state is unstable. Because
our focus is on a stable steady-state, we assume that � + 
= [b(1 + 
 + ��)] < 1, which requires the
survival rate to be su¢ ciently high.

Assumption 2
�+




b(1 + 
 + ��)
< 1

Under this assumption, a possible steady-state equilibrium is associated with a population size of
L� determined by (19) and Lt+1 = Lt, which is given by,

L� =
"� �bL

1� �� 
=[b(1 + 
 + ��)] : (26)

For this to be attained, we need to impose that L� > bL. Under Assumption 2, imposing this inequality
is equivalent to impose the following assumption.

Assumption 3

" >

�
1� 


b(1 + 
 + ��)

� bL:
In the remaining parts of the paper, we assume Assumptions 1 to 3. In Figure 2, we depict L�.

[Figure 2 around here: Steady-state equilibrium]

Proposition 1 Under Assumptions 1 to 3, the model has a unique steady-state equilibrium with
positive population size, L�.

12Strictly speaking, (25) is de�ned for Lt � ". For Lt < ", we de�ne �t+1 = �Lt. In this paper, we focus on a case
with su¢ ciently large Lt where only (25) is relevant.
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4 E¤ects of improvements in longevity

Now we are ready to investigate the impacts of increases in longevity. From (26), we can see that

@L�

@�
= Imm � Fer; (27)

where Imm and Fer are de�ned as

Imm � � �

1� �� 
=[b(1 + 
 + ��)]
@bL
@�

> 0;

Fer �
b�
�
"� �bL� 
=[b(1 + 
 + ��)]2

f1� �� 
=[b(1 + 
 + ��)]g2
> 0:

Imm represents the e¤ect that improved longevity induces more immigrants. In fact, @bL=@� describes
the responsiveness of immigration to improvements in longevity. �Fer represents the e¤ect that
improved longevity decreases the number of children. Thus, our model includes two channels through
which longevity a¤ects population size.

From (12) and (26), the market size in the steady-state equilibrium is written as

MS� =
1 + ��R

1 + 
 + ��
L�:

Di¤erentiating this with respect to �, we obtain

@MS�

@�
= Con + �

@L�

@�
; (28)

where Con and � are de�ned as

Con � � [R(1 + 
)� 1]
(1 + 
 + ��)2

L�;

� � 1 + ��R

1 + 
 + ��
:

Con captures the e¤ect of changes in per capita expenditure on consumption whereas �@L�=@� repre-
sents the e¤ect of population changes. From (27) and (28), we know that

@MS�

@�
> 0, Imm +

Con
�

> Fer: (29)

Proposition 2 An increase in longevity increases the market size if and only if Imm+Con=� > Fer.

Furthermore, from (18), (21), (29), and Assumption 3, we obtain the following proposition:

Proposition 3 An increase in longevity increases the individual�s utility if Imm + Con=� > Fer.

Thus, we know from Propositions 2 and 3 that the improved longevity has a positive immigration
e¤ect, a positive consumption e¤ect, and a negative fertility e¤ect, and can enlarge the market size
and result in higher utility if and only if the positive e¤ects dominate the negative one.

Thus far, we have examined the characteristics of steady-state equilibrium. However, in calibrating
our model to match the real data, there is no guarantee that the economy is in a steady-state. To
understand the calibration results from the theoretical viewpoint, we present a short discussion about
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the longevity e¤ects on population and market size dynamics, starting with the e¤ects on population
dynamics. Combining (19) and (25), we obtain

Lt+1 =

8><>:



b(1+
+��)Lt + "+ �(Lt � bL) if Vtj�t=�t+1=0 > Vw



b(1+
+��)Lt if Vtj�t=�t+1=0 = Vw



b(1+
+��)Lt � "+ �(Lt � bL) if Vtj�t=�t+1=0 < Vw
:

Di¤erentiating the equation with respect to �, we obtain

@Lt+1
@�

=

(
� 
�
b(1+
+��)2

Lt � �@
bL
@� if Vtj�t=�t+1=0 6= Vw

� 
�
b(1+
+��)2

Lt if Vtj�t=�t+1=0 = Vw
:

The �rst term on the right hand side, �
�Lt=[b(1 + 
 + ��)2], implies the negative fertility e¤ect on
population. The second term, ��@bL=@�, positively a¤ects population if @bL=@� < 0, which holds true
under Assumption 2 and the de�nition of Imm (> 0).

Next, we consider the e¤ects on market size dynamics. By di¤erentiating MSt+1 with respect to
�, from (12), (19) and (25), we obtain

@MSt+1
@�

=
�R(1 + 
)

(1 + 
 + ��)2
Lt �

�

(1 + 
 + ��)2
Lt+1 +

1

1 + 
 + ��

@Lt+1
@�

=

(
�R(1+
)
(1+
+��)2

Lt � �
(1+
+��)2

Lt+1 � 
�
b(1+
+��)3

Lt � �
1+
+��

@bL
@� if Vtj�t=�t+1=0 6= Vw

�R(1+
)
(1+
+��)2

Lt � �
(1+
+��)2

Lt+1 � 
�
b(1+
+��)3

Lt if Vtj�t=�t+1=0 = Vw
:

The �rst term on the right hand side represents the positive consumption e¤ect. The second and third
terms show the negative fertility e¤ect. The last term describes the positive immigration e¤ect. Thus,
again, an increase in longevity in�uences the market size via the three channels.

5 Calibration

In this section, we calibrate the model to match the Japanese and U.S. data from 1955 to 2014.13

Because we focus on demographics and market size, we calibrate the equations that determine popu-
lation dynamics (19) and market-size dynamics (22). For this purpose, we extend our baseline model
as follows. First, in our baseline model, all individuals live for two periods, young and old. In our
calibration, we assume that each period consists of 35 years, and there is one cohort in each year.
This implies that a total of 70 cohorts exist in the country. The number of members in a cohort in
a period is an endogenous variable which is determined by the fertility rates in the previous period.
We set the initial value of a cohort�s population size by age from ages 15 to 84 in 1955. That is, we
use the population size of age 15 in 1955 as the initial value of a cohort�s population size, and the
population size of age 16 in 1955 as that of another cohort�s population size, and so on. We assume
that the individuals whose ages are from 15 to 49 belong to the young period, and the individuals
whose ages are from 50 to 84 are in the old period. Then, the size of the youth population in 1955 is
the sum of the population sizes from ages 15 to 49, and the size of the old population is the sum of the
population sizes from ages 50 to 84. Each year, a cohort gets one year older. The oldest cohort in the
young period survives with a probability of � and enters into the old period. The oldest cohort in the
old period exits the economy the next year. We assume that all immigrants belong to the youngest
cohort.

Second, because labor is treated as the sole production input in our baseline model, the market
size in the baseline model does not match the actual market size (natural logarithm of nominal GDP),

13The matlab codes for calibration are available upon request.
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which includes the output produced by other production factors. To �ll the gap between the model�s
and the actual market sizes, we linearly transform the model�s market size as a0+ a1MSt, and choose
a0 and a1 to minimize the mean squared error (MSE). In conducting minimization, we employ the
Adaptive Mesh Re�nement method (AMR).14

5.1 Data

In calibrating our model, we use data for population by age, number of immigrants, nominal GDP, life
expectancy, and interest rates from 1955 to 2014 . Here, we summarize the sources of the Japanese
and U.S. data.

Japanese data

Japanese population size (in million persons) is taken from the Vital Statistics (Ministry of Health,
Labour and Welfare). In each year, the population size of cohorts in the young period and that in the
old period are calculated as the sum of population sizes from ages 15 to 49 and that from ages 50 to
84. We assume that the population size for the age 14 represents the number of birth, which becomes
the population size of the youngest cohort of the young period in the next year. Net immigration
size (in million persons) comes from the Statistical Survey on Legal Migrants (Ministry of Justice).
We calculate the number by subtracting the people departing Japan from the people entering Japan
(including the Japanese). We use the nominal GDP (in billion yen) published in the Annual Report
on National Accounts, Department of National Accounts, Economic and Social Research Institute,
Cabinet O¢ ce. Life expectancy is from the Life table (Ministry of Health, Labour and Welfare).
Total average life expectancy at age 15 Av is calculated as follows: Av = wmam + wfaf where
ai(i = m; f) is the life expectancy at age15 of each sex and wi(i = m; f) is the sex ratio of the 15 years
old population. Yearly average nominal interest rates (Basic Discount Rate and Basic Loan Rate)
are available in the Bank of Japan database (accessed at https://www.stat-search.boj.or.jp/index on
January 13, 2016).

U.S. data

The U.S. population size (in million persons) is taken from the Annual Estimates of the Resident
Population for Selected Age Groups by Sex for the United States (Population Division, United
States Census Bureau). Net immigration size (in million persons, and only including persons with
lawful permanent resident status) is taken from the 2014 Yearbook of immigration Statistics (Of-
�ce of Immigration Statistics, Department of Homeland Security). We ignore illegal immigrants
in the United States due to data restriction. Nominal GDP (in billion U.S. dollars) comes from
the Bureau of Economic Analysis, United States Department of Commerce database (accessed at
http://www.bea.gov/iTable/iTable.cfm?ReqID=9 on January 13, 2016). Life expectancy available
in National Vital Statistics System (CDC/National Center for Health Statistics). Total average life
expectancy at age 15 is obtained from calculations using this data source. Yearly average nominal in-
terest rates (Federal funds e¤ective rate) are available in the Federal Reserve Bank database (accessed
at https://fred.stlouisfed.org/series/FEDFUNDS on January 13, 2016).

14AMR �rst divides the admissible intervals of relevant parameters to create meshes, and picks one point from each
mesh. Then it calculates the MSE for each point to �nd the point that minimizes the MSE. Next, it divides the
neighborhood of the point with the minimum MSE to create �ner meshes, and again picks one point from each mesh. It
repeats this process until the chosen points converge. See Berger and Oliger (1984).
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5.2 Parameters and calibration method

In order to calibrate (19) and (22), we need to determine �, 
, ", �, �, b, and R. We follow Eckstein
et al. (1999) and choose the discount factor between the young and old periods, � = 2=3, and the
costs of child rearing, b = 0:11.15

The preference for children, 
, is set to minimize MSE between the model�s number of children
and the actual population size of the age 14 in each year. We again use AMR to minimize MSE and
set 
JP = 0:00487 and 
US = 0:00524, where the subscripts JP and US describes that the parameters
are associated with Japan and the United States, respectively.

Immigration parameters, " and �, are determined to minimize MSE between the model�s net
immigration size and the actual net immigration size by using AMR, resulting in "JP = 0:03569,
�JP = 0:00112, "US = 0:19639, and �US = 0:01002. Thus, we know that both parameters, " and �
are much higher in the United States than in Japan, re�ecting the fact that the United States has
been more open towards immigrants than Japan.

We assume that parameters �, b, 
, ", and � are constant over time. In contrast, we assume
parameters � and R, and hence, bL, can be di¤erent over time. We allow � to take di¤erent values
for di¤erent years because we focus on the e¤ects of improvements in longevity, implying the need
to consider consecutive increases in longevity during the last half century. We use di¤erent Rs for
di¤erent years because we have observed drastic declines in the interest rate in recent years. BecausebL depends on � and R, we need to set bL for each year.

We can calculate a parameter of longevity, �, for each year to match the model�s expected longevity
with the average lifespan at age 15. Because the model�s expected longevity is given by 35 � (1 �
�) + 70 � �, � is determined by Av = 35 � (1 � �) + 70 � � if we denote the average lifespan at age
15 by Av. Rearranging this equation, we obtain � = (Av � 35)=35. Figure 3 represents the obtained
values of �, from which we con�rm that both Japan and the United States experienced improvements
in longevity over the past half century.

[Figure 3 around here: Survival rate �]

We determine the interest, R, by using yearly average nominal interest rates.
Finally, bL is determined by Vtj�t=�t+1=0 = Vw for di¤erent values of � and R. Unfortunately,

we have no clue to �x the indirect utility outside of the country, Vw. Moreover, Vtj�t=�t+1=0 includes
parameters not speci�ed so far, and they are di¢ cult to be pinned down. Hence, we employ a heuristic
method. We assume that Vw is constant over time. First, we linearly approximate Vtj�t=�t+1=0 as
Vtj�t=�t+1=0 = K0 + K1� + K2Lt + K3R. Note here that K0 represents all parts not related to
�, Lt, and R, and K0 is constant over time. Then, substituting Vtj�t=�t+1=0 = Vw, we can write

K1� +K2bL = Vw �K0 �K3R. We obtain k1� + k2bL = 1, where ki � Ki= (Vw �K0 �K3R). Since
R takes the same value as that for the world and Vw also involves the term K3R, Vw � K0 � K3R
must be constant over time. We then obtain k1 and k2 as follows: We develop simultaneous equations
k1�1950 + k2L1950 = 1 and k1�1955 + k2L1955 = 1 by using � for 1950 and 1955, �1950 and �1955, and
by setting bL to the actual population size of the young cohort in 1950 and 1955, L1950 and L1955. We
choose 1950 and 1955 because their immigration size were smaller in these years than in all other years
of calibration, and hence L1950 and L1955 are considered to be reasonable approximations of bL.1617
Solving the two equations, we obtain k1 and k2. Then, for the years of calibration, we can obtain bL
by (1� k1�)=k2 for each year. We summarize the determination of these parameters in Table 1, and
describe the results of our calibration in Figure 4.
15Because there are 35 years in each period, � = 2=3 implies that the annual discount rate is approximately 0.0117.

This value is close to recent annual interest rates in Japan.
16The numbers are 0.000939 (1950) and -0.006601(1955) in Japan and 0.24919 (1950) and 0.23779 (1955) in the United

States.
17Because Japanese data on population size by age are not available from 1951 to 1954, we use data for 1950 and 1955.
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[Table 1 around here: Parameter values]

[Figure 4 around here: Calibration results]

As we can see from Figure 4, our calibrated model exhibits a good match with the actual data.
In particular, it can successfully replicate the trends observed in the actual data although it fails to
capture the e¤ects of temporary shocks such as baby booms.

The Japanese population has increased for several decades after the Second World War, but it
started to decrease in recent years. In contrast, the U.S. population has increased monotonically
during the past sixty years. Our theoretical analysis implies that such di¤erence between two countries
might arise for three reasons. First, if the preference for children is higher in the United States than in
Japan, then the United States would have higher fertility and higher population growth. However, the
obtained values of 
 are similar for both two countries, and hence, we can not employ this possibility.
Second, di¤erences in the survival rate, �, can be a source of di¤erences in population growth because
a higher survival rate induces an individual to increase her savings for old period consumption by
decreasing her young period consumption and number of children. Because the obtained values of
� for Japan are higher than those for the United States, the di¤erences in � can possibly explain
the lower population growth rate (and recent negative population growth rate) in Japan. Finally,
di¤erences in immigration size might be a source of di¤erences in population growth. Because the
United States has higher immigration parameters, " and �, than Japan, a larger immigration size
might have supported the United States consecutive population growth. Thus, we can consider the
di¤erences in � and/or those in " and � as the causes of di¤erences in population growth between
the two countries. However, our analysis so far can not tell us about the degree of contribution from
these factors. To uncover this information, we conduct several counterfactual analyses in the next
subsection.

5.3 Counterfactual analysis

In this section, we study the quantitative e¤ects of changing longevity and immigration on population
and market sizes by counterfactual analyses. First, we examine the e¤ects of improvements in longevity.
For this purpose, we consider the following two counterfactual scenarios: (i) the survival rate, �, takes
the initial value (i.e., the value in 1955) for all years, and (ii) � takes the value in 2014 for all years.18

As we can see from Figure 3, the values of � have risen in the two countries over the past sixty years.
Hence, by scenarios (i) and (ii) we can examine what the population and market sizes would look
like if we observed no improvements in longevity and if we experienced improvements in longevity at
the beginning of the years under consideration, respectively. Figures 5 and 6 show the results of our
counterfactual analyses.

[Figure 5 around here: Counterfactual analysis: low survival rate]

[Figure 6 around here: Counterfactual analysis: high survival rate]

Figure 5 represents the analysis under scenario (i). In both Japan (Figure 5-a) and the United
States (Figure 5-b), setting � at its initial, low level does not signi�cantly change the total population
(Figures 5-a-(3) and 5-b-(3)). However, setting a low � drastically a¤ects the population distribution
by increasing the number of births (young population) (Figures 5-a-(1) and 5-b-(1)) and decreasing
the old population (Figures 5-a-(5) and 5-b-(5)). In addition, immigration size is larger for a lower
� (Figures 5-a-(2) and 5-b-(2)). Thus, both the number of births and immigration size positively

18For parameters other than �, we use the same values as those speci�ed in the previous section.
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a¤ect the market size. This is because bL does not change over time due to a constant �. Hence, from
(25), immigration size grows as the population grows. Moreover, the e¤ects on the number of births
are su¢ ciently large to dominate the negative e¤ects on the per capita expenditure on consumption,
which corresponds to the per capita GDP here (Figures 5-a-(6) and 5-b-(6)). In such a case, as shown
in Proposition 2, the market size becomes larger when we use a lower �, which we con�rm in Figures
5-a-(4) and 5-b-(4).19

Figure 6 describes the analysis under scenario (ii). If we set � to its latest, high value and keep
it constant over time, then we observe opposite changes to those observed under a low �, that is, the
number of births decreases (Figures 6-a-(1) and 6-b-(1)), which leads to decreases in immigration size
(Figures 6-a-(2) and 6-b-(2)) and per capita expenditure on consumption (Figures 6-a-(6) and 6-b-(6))
to decrease the market size (Figures 6-a-(4) and 6-b-(4)). Thus, we know that over the past sixty years,
the negative e¤ects of increases in the survival rate have dominated the positive ones, implying that
improvements in longevity have decreased the market size in Japan and the United States.

Although improvements in longevity have negatively a¤ected the market size in both countries, the
magnitude is smaller in the United States than Japan. Compared to the baseline calibration, scenario
(i) increases the market size by 9.64 % for the United States and 22.10 % for Japan. And scenario (ii)
decreases the market size by 10.52 % for the United States and 11.17 % for Japan. Where do such
di¤erences come from? As we can see in Table 1, we obtained very di¤erent values for the immigration
parameters between the two countries, and thus, inducing us to focus on them as the potential causes
of the di¤erences in magnitude. To grasp the importance of immigration in determining the market
size, we conduct the following counterfactual analyses: what do the population and market sizes look
like if Japan (resp. the United States) has the immigration parameters of the United States (resp.
those of Japan)? In so doing, we replace "JP and �JP with "US and �US to rerun our simulations.
Given that both parameters are higher in the United States than Japan, such an exercise uncovers
the e¤ects of making Japan as open towards immigration as the United States and those of making
the United States as closed towards immigration as Japan.

The results of our counterfactual analyses are given in Figures 7.20

[Figure 7 around here: Counterfactual analysis: openness towards immigration]

In Figure 7, Japan experiences increases in the number of birth, immigrants, total and young cohort
population sizes, market size, and per capita expenditure on consumption if it becomes as open towards
immigration as the United States, and the United States experiences decreases in them if it becomes
as closed towards immigration as Japan. This implies that immigration a¤ects not only the current
population size but also the population size of the next generation and their expenditures, resulting
in large impacts on the market size.

A few comments are in order. First, our results indicate that large immigration in�ows into the
United States were a signi�cant engine of economic growth over the past half century. If the United
States had been as closed towards immigration as Japan, its market size would have been much
smaller than that observed today. Second, our results also imply that Japan could avoid shrinkages in
population and market sizes caused by aging if it becomes more open towards immigration. Given that
the Japanese population has already started to decrease, it would be worthwhile for Japan to consider
accepting immigrants as a possible option for overcoming its population and market size declines.

19Note here that Proposition 2 deals with the steady-state whereas our numerical analyses do not because the total
population grows over time.
20 In Figure 7, we replace both " and � between the two countries. If we replace only " or only �, we obtain very similar

results to those shown in Figure 7. By comparing the case wherein we replace only " to that wherein we replace �, we
can see that the e¤ects on the number of birth and the cohort population distribution are larger in the former than in
the latter. These results are available upon request.
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5.4 Robustness

In this section, we conduct a few robustness checks. First, we change the child rearing cost parameter b
by utilizing the results of Eckstein et al (1999), who obtained money and time cost parameters for child
rearing as 0:11 and 0:29, respectively. Thus, we check the case that b = 0:29, which represents the case
where child rearing costs only consist of time costs. We also check the case of b = 0:11+0:29 = 0:4. In
addition, we check the case wherein b is 0:06, 0:17, or 0:23 in order to adjust the relationship between
length of periods and individual�s income in Eckstein et al. (1999) to those in our paper. Under all
di¤erent values of b, we obtain very similar calibration and counterfactual results to those obtained
under b = 0:11. Hence, we here show the case of b = 0:4 as a representative case in Figure 8.

[Figure 8 around here: Robustness check: case of b = 0:4]
Table 2 shows the estimated 
 under di¤erent values of b. From the table, we can see that a higher

b increases the estimated 
 to sustain the number of births, which indicates that changes in b are
absorbed by changes in 
.

[Table 2 around here: Robustness check: calibrated 
 by changing b]

Second, we change the discount factor to � = (1:03)�35 = 0:3554 to achieve 3% depreciation per
year, following Eckstein et al (1999). Our calibration results are similar to those in the case of � = 2=3.
However, the counterfactual results look somewhat di¤erent from the the case of � = 2=3 especially
in the counterfactual that assumes a high survival rate. Figure 9 shows the counterfactual result of a
high survival rate in the case of � = 0:3554, which is comparable to Figure 6. By comparing Figure 9
with Figure 6, we �nd that the number of birth and population are larger in Figure 9 than in Figure
6. This is because a lower � relatively increases the demand for children and decreases the demand for
future consumption. Note also that the magnitude of the increases in births and population is larger
in Japan than in the United States. This may re�ect the di¤erence in the main source of population
dynamics between Japan and the United States. In Japan, population dynamics are mainly driven
by births. Thus, the population dynamics of Japan are sensitive to � that determines the number of
births. In contrast, population dynamics in the United States are mainly driven by immigrants. Thus,
the population dynamics of the United States are not sensitive to �.

[Figure 9 around here: Robustness check: changing parameter �]

6 Concluding remarks

This paper developed an overlapping generations model with endogenous fertility and immigration.
Because we employ monopolistic competition wherein �rms produce di¤erentiated goods, population
size and hence, market size matter for welfare in our framework. We then investigated the e¤ects
of improvements in longevity on population size, market size, and welfare. Our theoretical analysis
showed that improvements in longevity a¤ect the market size through three e¤ects: First, it decreases
the number of children because parents need to prepare for consumption in the old period. Second, it
increases the per capita lifetime consumption. Finally, it increases the immigration size. The �rst e¤ect
has negative impacts on the market size whereas the latter two e¤ects have positive impacts. We then
calibrated our model using Japanese and U.S. data from 1955 to 2014 and conducted counterfactual
analyses. Our �rst counterfactual analysis examined the e¤ects of improvements in longevity and
showed that a lower survival rate results in a larger market size. This implies that the negative
impacts dominate the positive ones, and that the improvements in longevity can be a major source of
shrinkage in market size. Our second counterfactual analysis considered the scenario wherein Japan
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is as open towards immigration as the United States and the United States is as closed towards
immigration as Japan. Under this scenario, we showed that Japan experienced much higher growth
in terms of population and market size whereas the United States experienced much lower growth,
implying that the United States enjoyed gains from immigration and that Japan can overcome the
shrinkage of its market size, which was caused by aging, if it accepts more immigrants.

One of the most important future extensions would be to incorporate human capital. On the one
hand, human capital accumulation increases the market size by raising wages as shown by Prettner
et al. (2013), Strulik et al. (2013), and Prettner and Strulik (2016). On the other hand, it lowers
fertility by increasing the opportunity costs of having children, which make the market size shrink.
Moreover, Cervellati and Sunde (2005) pointed out that human capital accumulation can potentially
improve longevity. Hence, human capital accumulation might be signi�cantly related to our analysis
and hence would be worth incorporating.
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Parameters Values Description
Japan United States

� 2=3 discount rate

 0:00487 0:00524 preference for children
" 0:03569 0:19639 �xed component of immigration
� set to match average life-year at age 15 survival rate
� 0:00112 0:01002 immigration responsiveness
b 0:11 costs of child rearingbL calculated by using � and L threshold population size
R yearly average nominal interest rates return on savings

Table 1: Parameter values

b 
JP 
US
0.06 0.002651 0.002852
0.11 0.004867 0.005237
0.17 0.007535 0.008110
0.23 0.010213 0.010993
0.29 0.012900 0.013888
0.40 0.017851 0.019224

Table 2: Robustness check: calibrated 
 by changing b
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Figure 4–a: Calibration results (Japan)
(upper-left: (1) Number of Birth, upper-right: (2) Immigrants, middle-left: (3) Total Population,
middle-right: (4) Market Size, bottom-left: (5) Cohort population, bottom-right: (6) per capita GDP)
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Figure 4–b: Calibration results (the U.S.)
(upper-left: (1) Number of Birth, upper-right: (2) Immigrants, middle-left: (3) Total Population,
middle-right: (4) Market Size, bottom-left: (5) Cohort population, bottom-right: (6) per capita GDP)
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Figure 5–a: Counterfactual analysis: low survival rate (Japan)
(upper-left: (1) Number of Birth, upper-right: (2) Immigrants, middle-left: (3) Total Population,
middle-right: (4) Market Size, bottom-left: (5) Cohort population, bottom-right: (6) per capita GDP)
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Figure 5–b: Counterfactual analysis: low survival rate (the U.S.)
(upper-left: (1) Number of Birth, upper-right: (2) Immigrants, middle-left: (3) Total Population,
middle-right: (4) Market Size, bottom-left: (5) Cohort population, bottom-right: (6) per capita GDP)
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Figure 6–a: Counterfactual analysis: high survival rate (Japan)
(upper-left: (1) Number of Birth, upper-right: (2) Immigrants, middle-left: (3) Total Population,
middle-right: (4) Market Size, bottom-left: (5) Cohort population, bottom-right: (6) per capita GDP)
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Figure 6–b: Counterfactual analysis: high survival rate (the U.S.)
(upper-left: (1) Number of Birth, upper-right: (2) Immigrants, middle-left: (3) Total Population,
middle-right: (4) Market Size, bottom-left: (5) Cohort population, bottom-right: (6) per capita GDP)
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Figure 7–a: Counterfactual analysis: openness towards immigration (Japan)
(upper-left: (1) Number of Birth, upper-right: (2) Immigrants, middle-left: (3) Total Population,
middle-right: (4) Market Size, bottom-left: (5) Cohort population, bottom-right: (6) per capita GDP)
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Figure 7–b: Counterfactual analysis: openness towards immigration (the U.S.)
(upper-left: (1) Number of Birth, upper-right: (2) Immigrants, middle-left: (3) Total Population,
middle-right: (4) Market Size, bottom-left: (5) Cohort population, bottom-right: (6) per capita GDP)
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Figure 8–a: Robustness check: case of b = 0.4 (Japan)
(upper-left: (1) Number of Birth, upper-right: (2) Immigrants, middle-left: (3) Total Population,
middle-right: (4) Market Size, bottom-left: (5) Cohort population, bottom-right: (6) per capita GDP)
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Figure 8–b: Robustness check: case of b = 0.4 (the U.S.)
(upper-left: (1) Number of Birth, upper-right: (2) Immigrants, middle-left: (3) Total Population,
middle-right: (4) Market Size, bottom-left: (5) Cohort population, bottom-right: (6) per capita GDP)
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Robustness check: changing parameter  -  (Japan)
 

Figure 9–a: Robustness check: changing parameter β (Japan)
(upper-left: (1) Number of Birth, upper-right: (2) Immigrants, middle-left: (3) Total Population,
middle-right: (4) Market Size, bottom-left: (5) Cohort population, bottom-right: (6) per capita GDP)
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Robustness check: changing parameter  -  (the U.S.)
 

Figure 9–b: Robustness check: changing parameter β (the U.S.)
(upper-left: (1) Number of Birth, upper-right: (2) Immigrants, middle-left: (3) Total Population,
middle-right: (4) Market Size, bottom-left: (5) Cohort population, bottom-right: (6) per capita GDP)
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