
DP
RIETI Discussion Paper Series 15-E-093

Population Density, Fertility, and Childcare Services
from the Perspective of a Two-Region Overlapping Generations Model

ISHIDA Ryo
Policy Research Institute, Ministry of Finance

OGURO Kazumasa
RIETI

YASUOKA Masaya
Kwansei Gakuin University

The Research Institute of Economy, Trade and Industry
http://www.rieti.go.jp/en/

http://www.rieti.go.jp/en/


RIETI Discussion Paper Series 15-E-093 

July 2015 

 

Population Density, Fertility, and Childcare Services  

from the Perspective of a Two-Region Overlapping Generations Model* 

ISHIDA Ryo 
Visiting Scholar  

Policy Research Institute, Ministry of Finance 

OGURO Kazumasa 
Professor 

Faculty of Economics, Hosei University 

YASUOKA Masaya 
Associate Professor 

School of Economics, Kwansei Gakuin University 

Abstract 

In countries confronting the issue of low fertility such as Japan, dual trends showing higher regional population density 
associated with lower fertility rates are being confirmed. It is therefore an important theme for analysis to deepen 
discussions related to reducing regional fertility disparities by increasing fertility through the implementation of 
comprehensive childcare support policies, which might facilitate the striking of a balance between child-rearing and work, 
even in highly populated regions. 

 
As described herein, we constructed a simple theoretical two-region overlapping generations (OLG) by incorporating 
migration and land prices. Using it, we analyzed the effects of population density and childcare services on fertility. Results 
elucidated the following three points. 
 
First, in the presence of congestion costs associated with increased population density, the fertility rate of the region 
decreases with increased population density. However, if the time cost of child-rearing is brought down by raising the level 
of the childcare services provided in the region, then the effect of increased population density on fertility can be restrained. 
 
Second, when the effect of population size on productivity is less than a certain level, improvement in the childcare services 
raises the relative ratio of the population density. When the effect of population size on productivity exceeds a certain level, 
however, the relative ratio of the population density decreases if the relative ratio of the time cost of child-rearing decreases 
as a result of childcare service reform. 
 
Third, where each region imposes a payroll tax on its residents and uses its tax revenue as the financial resources to adopt a 
decentralized strategy of providing childcare services to its region, the level of childcare services that maximizes the utility 
of a representative agent in each region is independent of the childcare services of any other region. Therefore, 
manipulation of the level of childcare services becomes a dominant strategy. 
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1. Introduction 
The major purpose of this paper is construction of a simple theoretical two-region 
Overlapping Generation (OLG) model by incorporating migration and land prices and 
analysis of the effects of population density and childcare services on fertility. 

As described by Galor and Weil (1996), economic growth increased the wage rates 
for female workers. The opportunity cost of child-rearing increased because women had 
to abandon their jobs to care for children. Consequently, child populations have 
continued to decline in OECD countries. Nevertheless, female workers can choose to 
have children without giving up their jobs if childcare services are in place. In other 
words, women must strike a balance between child-rearing and work. Apps and Rees 
(2004) demonstrated that fertility increased concomitantly with increased wage rates for 
female workers. The positive correlation between the female labor force participation 
rate and fertility in OECD countries was confirmed by Sleebos (2003). Apparently, an 
increased supply of female labor has the effect of making more money available for 
child-rearing through increased household income, thereby increasing the number of 
children. 

Several studies have been conducted to elucidate the mutual correlation of fertility 
and childcare support policies. Van Groezen, Leers and Meijdam (2003) reported that a 
child allowance increased fertility. Aside from a child allowance, an educational 
assistance policy might also support families with small children. However, although an 
educational assistance policy is effective for decreasing child-rearing costs substantially, 
it also decreases fertility, as reported by Zhang (1997). 

One might argue that the female labor force participation rate in OECD countries 
and the scale of childcare support policies contribute to disparities in fertility. In Japan, 
however, the fertility rate differs among prefectures. It is lower in highly populated 
areas where there is a preponderance of nuclear family households such as in Tokyo,  
although it is higher in less-populated areas where the number of nuclear family 
households is small. Presumably, the presence of such a gap in fertility among 
prefectures is affected by the availability and quality of childcare services that are 
provided. It is possible that although the female labor force participation rate is 
generally high in highly populated areas, fertility remains low because childcare centers 
are not fully developed, and grandparents who might be able to take care of 
grandchildren do not live under one roof with the child-rearing couple. 
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Then, would it be possible to increase the fertility rate and narrow regional fertility 
disparities through sufficient childcare support policies that would ensure both 
child-rearing and work even in highly populated areas? In other words, can it be said 
that childcare support policies that differ among regions have caused regional fertility 
disparities? The purpose of this paper is consideration of this issue. 

Examples of analyses of regional fertility disparities include those performed by 
Zhang (2002), Sato and Yamamoto (2005), and Sato (2007). Whereas population 
integration engenders positive externality through improved labor productivity, resulting 
in higher wage rates, the fertility rate decreases because of increased opportunity costs 
of child-rearing. Given the introduction of childcare support policies, it is conceivable 
that higher fertility rates can be achieved in highly populated areas under the higher 
wage rate. 

Kulu (2013) clarified through empirical study, using Finnish data, the presence of 
regional fertility disparities under the assumption that fertility disparities exist between 
big cities and small cities. Other examples of empirical studies related to fertility 
disparities include those performed by de Beers J., Deerenberg I. (2007), O’Connell M. 
(1981), and Tumen S. (2012). 

This paper is organized as follows. Section 2 presents a two-region OLG model by 
incorporating migration and land prices to analyze the effects of population density and 
childcare services on fertility. Section 3 presents analyses of population density and 
steady state of the two regions. Section 4 describes optimal childcare services level in a 
case where the two regions adopt a decentralized strategy to provide childcare services 
entirely limited to their own regions. Finally, Section 5 presents a summary of results 
and describes future issues. 

 
2. Theoretical model 
Herein, we construct a two-region OLG model, combining migration and land prices to 
analyze the effects of population density and childcare services on fertility. 
 
Household 

We assume a model that consists of 2,1=j  regions. The lifetime utility of 
generation t  residing in j  region is given by the following equation. 

γβαγβα −−−++= 1)()1()()1()( tqtztctntU jjjjj      (1) 

In that equation, )1( +tn j  stands for the number of live births of generation t , )(tc j  
represents the consumption, )1( +tz j  denotes the educational investment level per child, 
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)(tq j  stands for space consumption, and γα >  and 01 >−−− γβα . Generation t  
residing in region j  maximizes the lifetime utility given by equation (1) under the 
lifetime budget constraint as given below. 

)())1()(1)(()1()()()()1()1( ttngtetqtRtctntz jjjjjjjjjj Φ−+−−=++++ ξt   (2) 

In that equation, )(tRj  signifies the land rent per unit of space in region j , )( jgξ  
denotes the time cost of child-rearing per child, jg  represents the level of childcare 
services, )(te j  stands for the wage rate, jτ  represents the payroll tax, and )(tjΦ  is the 
congestion cost associated with an increase in population density. In this case, the time 
cost of child-rearing )( jgξ  is assumed to decrease as childcare services jg  increase. 
Briefly, it is characterized by 0/)( <∂∂ jj ggξ  and is assumed to satisfy 0)( ≥jgξ jg∀ . 
Congestion costs are given as )/)()1(()()1()( jjjjjjj LtNtntet +Ω−≡Φ t , where the regional 
population size in j  region is )()1( tNtn jj + , the land supply is jL , and the constant is 

0≥Ω j , and the upper limit of the payroll tax jτ  is τ . In this case, each household acts 
to maximize utility by considering that the congestion cost )(tjΦ  is a given constant. 

Given the premises presented above, the conditions for optimizing the lifetime 
utility of generation t  residing in region j  are given by the following equations. 

jjjj
j LtNg

tn
/)()()()1(

)()1(
Ω−+−

−
=+

gαξg
gα      (3) 

)()()1()1( jjjj gtetz ξt
gα

g
−

−
=+       (4) 

jjjj

jjj
j LtNg

gte
tc

/)()()()1(
)()()1(

)(
Ω−+−

−
=

gαξg
ξtβ

     (5) 

[ ]jjjjj

jjj
j LtNgtR

gte
tq

/)()()()1()(
)()()1)(1(

)(
Ω−+−

−−−−
=

gαξg
ξtgβα

    (6) 

 
Production 
Next, the production function in region j  is assumed to consist of productivity )(te j  
and labor force )(tjΞ , which are influenced by population size excluding children )(tN j  
to reflect the effect of population integration, and is therefore given as shown below. 

)()()( ttetY jjj Ξ=        (7) 
 
Childcare services and decentralized strategy of each region 
 

As described in this paper, the level of childcare services jg  represents the 
number of childcare staff allocated by daycare centers per household: it is assumed to 
satisfy 10 ≤≤ jg  and 0)1( ≥ξ . Furthermore, we assume that a decentralized strategy is 
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taken, where each j  region imposes payroll tax jτ  on its residents and uses its tax 
revenue as the financial resources to provide childcare services jg  to its region. In this 
case, each j  region employs childcare staff from among the regional residents at wage 
rate )(te j . Then, the labor supplied by childcare staff is equated with the labor supplied 
by workers in the productive sector. Therefore ))1()(1()( +−≡ tngtl jjj ξ . The budget 
constraint of the public sector of each j  region is given by the following equation 
( 2,1=j ) as 

)()()()()()( tNtltetNtlteg jjjjjjjj t= .      (8) 
If it is assumed that the childcare staff do not contribute to the productive sector, 

then the labor market equilibrium of each j  region is defined as follows ( 2,1=j ). 
)1)(()()( jjjj gtNtlt −=Ξ        (9) 

 
Land market equilibrium 

From equation (6), the land demand in region j  is )()( tNtq jj . If the land supply is 

jL , then according to the equilibrium conditions related to demand and supply of land 
defined by jjj LtNtq =)()( , the land rent per unit of space in j  region is determined as 
shown below. 

)()()1)(/)((
/)()()()1(

1)( jjjjj
jjjj

j gteLtN
LtNg

tR ξt
gαξg
gβα

−
Ω−+−

−−−
=   (10) 

 
Migration equilibrium 

From equation (3), substituting equation (6) into the utility function of equation (1), 
the indirect utility function of generation t  residing in j  region is obtainable as 

γβαγ

α

γαξγ
ξτ

−−−−

−

Ω−+−

−
=∝

11

1

)()/)()()()1((
))()()1((

)()(
τRLτNγ

γτe
τUτU

jjjjj

jjj
jj .   (11) 

If the indirect utility function of 1=j  region is higher than that of the 2=j  
region, then migration from 2=j  region to  1=j  region will occur. If the indirect 
utility function of 2=j  region is higher than that of the 1=j  region, then migration 
from 1=j  region to 2=j  region will occur. Therefore, if the total population of 
generation t  is )(tN total , then the following equation becomes valid in terms of the 
migration equilibrium. 

)()()( 21 tNtNtN total=+        (12) 

)()( 21 tUtU =         (13) 

Now, substituting equation (10) into equation (11), equation (13) becomes the 
following. 



6 
 

γβαβα

γβ

γβαβα

γβ

γ
γα

ξ

ξτ

γ
γα

ξ

ξτ
−−−+
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+
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Then the population of each region obtained from simultaneous equations (12) and 
(14) is defined as shown below. 

)(
),,(1

1)(
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1 tN
ggt

tN total

θ+
=       (15) 
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θ
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=  

From equations (3) and (15), the generation population dynamics is given as follows. 
)()1()()1()1( 2211 tNtntNtntN total +++=+  
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3. Analysis 
This section presents analyses of the models described in the preceding section. 

In a simple case in which productivity )(te j  of equation (7) is independent of 
population size )(tN j , equation (14) can be transformed as follows. 
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  (17) 

This equation represents the relation between the population density of 1=j  
region and that of 2=j  region. It shows that it is affected by the relative ratio of the 
post-tax wage rate and time cost of child-rearing under a certain childcare services level. 
Therefore, we can obtain the following proposition. 
 
Proposition 1. The relation of population density between the two regions is 
determined by equation (17) when productivity )(te j  is independent of population size 

)(tN j . The relative ratio of the population density of both regions is given as follows, 
especially when 0=Ω j ( 2,1=j ). 
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Equation (17) includes various information. For instance, let us fix variables other 

than )(tN j ( 2,1=j ) and increase only 1τ . In this case, from equations (12) and (17), 
)(1 tN  must decrease and )(2 tN  must increase. In other words, when ji ≠ , 

0/)( <∂∂ iL
N

i

i τ  and 0/)( >∂∂ jL
N

i

i τ  are valid, which means that increased payroll tax in a 
region will decrease the population density in the corresponding local region, but that 
the increased payroll tax in another region will increase the population density in its 
own local region. Similarly, 0/)( >∂∂ iL

N e
i

i  and 0/)( <∂∂ jL
N e

i

i  are valid, which means 
that increased productivity in a region will increase the population density in the 
corresponding local region, but that the increased productivity in another region will 
decrease the population density of its own local region. 

As for the congestion cost coefficient, “ 0/)( <Ω∂∂ iL
N

i

i  and 0/)( >Ω∂∂ jL
N

i

i ” are valid, 
which means that the increased congestion cost in a region will decrease the population 
density in the corresponding local region, but that the increased congestion cost in 
another region will increase population density in its own local region. 

Furthermore, equation (17) can be transformed as presented below. 
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When jjjj LtNg /)()( Ω>>ξ ( 2,1=j ) is valid, “ 0/)( <∂∂ iL
N

i

i ξ  and 0/)( >∂∂ jL
N

i

i ξ ” are 
valid for the time cost of child-rearing, which means that the increased time cost of 
child-rearing in a region will decrease population density in the corresponding local 
region, but that the increased time cost of child-rearing in another region will increase 
population density in its own local region. It is noteworthy that the population density 
might increase if an increase in the post-tax wage rate occurs because increased 
productivity more than offsets the increased time cost of child-rearing. 

However, when jjjj LtNg /)()( Ω<<ξ ( 2,1=j ), similarly “ 0/)( >∂∂ iL
N

i

i ξ  and 
0/)( <∂∂ jL

N
i

i ξ ” are valid for the time cost of child-rearing, which will bring about the 
following phenomena: increased time cost of child-rearing in a region will increase the 
population density of the corresponding local region but increased time cost of 
child-rearing in another region will decrease the population density of its own local 
region. This result might appear peculiar, but it is true because of a fallacy of 
composition because each household takes congestion cost )(tjΦ  as given.2 

                                                   
2 When the time cost of child-rearing ξdecreases, the utility is expected to increase always if other conditions are 
fixed. In reality, however, as the fertility rate increases and the congestion cost increases (since individuals engage 
in optimization behavior by considering that the congestion cost is constant), the utility can instead decrease.  
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Next, we examine a case in which productivity )(te j  is dependent on population 

)(tN j , and where productivity is definable by ρ)/)(()( jjjj LtNate = . In this instance, 

equation (14) can be transformed as shown below. 

γβαβα
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γβαβα
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+
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−
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−
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γLτNα  

From this equation, the relative ratio of the population density is given as follows. 
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 (18) 

 
Proposition 2. When productivity )(te j  is dependent on population size )(tN j , and 
productivity is ρ)/)(()( jjjj LtNate = , the relation of population density of both regions is 
defined by equation (18). The relative ratio of the population density of both regions is 
given as follows, especially when 0=Ω j ( 2,1=j ). 

  
))(1(1
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22
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/)( γβραγβγα
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In equation (19), ))(1(1)(1 γβραρ ++−−≡Γ , where the direction of the relative ratio of 
the population density is determined by sign )(1 ρΓ  when 0=Ω j  ( 2,1=j ), the relation 
between the relative ratio of the population density and time cost of child-rearing and 
between the relative ratio of the population density and payroll tax can be reversed by 
sign )(1 ρΓ . For instance, when the effect of population size on productivity is less than a 
certain amount and satisfies 1)/()1( −+−< γβαρ , the relative ratio of the population 
density will increase if the relative ratio of the time cost of child-rearing decreases 
because of childcare service reform (alternatively if the relative ratio of )1( jτ−  
increases attributable to tax system reform). Conversely, if the effect of population size 
on productivity exceeds a certain level and satisfies 1)/()1( −+−> γβαρ , then the 
relative ratio of population density will increase even if the relative ratio of the time cost 
of child-rearing increases because of a delay in childcare service reform (alternatively if 

                                                                                                                                                     
When Ω is small, such a phenomenon is less likely to occur (a fallacy of composition can never occur when Ω＝０). 
When Ω is large, such phenomena are more likely to occur. 
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the relative ratio of )1( jτ−  decreases because of tax system reform) because the effect 
of population size on productivity is overwhelmingly strong. Furthermore, if the relative 
ratio of the time cost of child-rearing decreases attributable to childcare service reform, 
then the relative ratio of the population density is expected to decrease. 

Because equation (18) can be transformed as follows, the above argument is valid 
even when jjjj LtNg /)()( Ω>>ξ . 

γβγβραγα

βα

τ
τ

ξ
ξ

ξ
γ
γα

ξ
γ
γα

+++−−−

+









−
−

=


































Ω
−
−

+

Ω
−
−

+

11

22

))(1(1

11

22

1

2

1111

2222

)1(
)1(

/)(
/)(

)(
)(

)(/)/)((
1

1

)(/)/)((
1

1

α
α

LτN
LτN

γ
γ

γLτN

γLτN
 

Equation (18) can also be transformed as shown below. 
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As this equation suggests, when jjjj LtNg /)()( Ω<<ξ , the direction of the relative ratio 
of population density is determined by sign ))(1(1)(2 γβρβρ ++−+≡Γ . Therefore, the 
summary shown in the table below is valid, similar to the discussions in the case where 
productivity )(te j  is independent of the population size )(tN j . 

 
 0)(

1
>Γ ρ  0)(

1
<Γ ρ  and 0)(

2
>Γ ρ  0)(

2
<Γ ρ  

jjjj LtNg /)()( Ω>>ξ
 

Tax↑⇒Population density (-) 
Productivity↑⇒Population 
density (+) 
Child-rearing cost↑⇒Population 
density  (-) 

Tax↑⇒Population density (+) 
Productivity↑⇒Population density (-) 
Child-rearing cost↑⇒Population 
density (+) 

Tax↑⇒Population density (+) 
Productivity↑⇒Population density 
(-) 
Child-rearing cost↑⇒Population 
density (+) 

jjjj LtNg /)()( Ω<<ξ
 

Tax↑⇒Population density (-) 
Productivity↑⇒Population 
density (+) 
Child-rearing cost↑⇒Population 
density (+) 

Tax↑⇒Population density (-) 
Productivity↑⇒Population density 
(+) 
Child-rearing cost↑⇒Population 
density (+) 

Tax↑⇒Population density (+) 
Productivity↑⇒Population density 
(-) 
Child-rearing cost↑⇒Population 
density (-) 

 
Next we consider a “steady state” in which the gross population growth rate is n  in 
equation (16) under a steady state. Then, t , after a sufficient lapse of time, is 

)(
0

0)()( tttotaltotal ntNtN −= . Furthermore, because )(1 tN  and )(2 tN  are symmetrical, the 
following equations become valid from equations (12), (16), and (18) if limitation 
“ G≤≤θ0 ” is imposed on the limit θ  of )(tθ , by assuming G  as a sufficiently large 
value. 
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Three conceivable cases exist for n  in equations (20) and (21): 1>n , 1=n , and 1<n . 
However, when 0>Ω j , the limit of the right-hand side of equation (20) is zero in the 
case of 1>n , the left-hand side of equation (20) is n  and conflicting. Therefore, when 

0>Ω j , a steady state does not exist in the case of 1>n . However, for 1<n , from the 
limit in equations (20) and (21), n  is given as (the same also applies to the case in 
which 0=Ω j  and 1≥n ) 









+

+
+−

−
=

)1)(()1)((
1

1 21 θξ
θ

θξγ
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γγ
n ,     (22) 

where 
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. 

Furthermore, in the case of 1=n , if the population of each region in a steady state is 
jN ( 2,1=j ), then the following equation becomes valid, similar to equations (20) and 

(21). 
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Proposition 3. When congestion cost is 0>Ω j , a steady state with a gross population 
growth rate exceeding 1 does not exist. If a steady state with a population growth rate 
below 1 should exist, then that population growth rate is obtainable from equation (22) 
(the same also applies to the case in which 0=Ω j  and 1≥n ). Furthermore, if a steady 
state with a population growth rate of 1 does exist, then the population of each region in 
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a steady state jN ( 2,1=j ) is obtainable from equation (23). 
 
4. Decentralized strategy in each region 
Here, equation (3) denotes the following: “in the presence of congestion cost associated 
with an increase in population density, the fertility of the region decreases with an 
increase in the population density. However, if the time cost is brought down by raising 
the level of childcare services provided in the region, the effect of the increased 
population density on fertility can be restrained.” Therefore, we consider a decentralized 
strategy in which each j  region imposes payroll tax jτ  on its residents and uses its 
tax revenue as the financial resource to provide childcare services jg  to its region. 
First, obtain the following from equation (8). 

jj g=τ         (24) 
 

Then, consider a case of adopting a decentralized strategy in which each j  region 
provides childcare service jg  entirely limited to its own region. If each region is 
assumed to choose a strategy that would maximize the utility of a representative agent 
in its region after migration, by considering the strategy of another region as given, 
from equations (14), (15), and (24), then each region would maximize the following, by 
considering strategy of another region as given. 
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and )()()( 21 tNtNtN total=+  

 
Case 1. (when the child-rearing cost is dominant) 

Equation (25) can be simplified as shown below because jjjj LtNg /)()( Ω>>ξ . 
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Furthermore, when [ ]
γα

γβ

ξ
ϕ

−

+−
≡

)(
1

)(
ϕ

ϕ
ϕ γ

γ
γ , 

jjj LaH ))(1(1 γβρa
γβ

++−−
+

= , and )exp()( 0 jj Kgg −≡ xx , then 

the level of childcare services that would optimize equations (25) and (26) is given as 
follows ( 2,1=j ) with a simple calculation as shown below. 

 

   where
)1)(( τγα

γβ
−−

+
≥K and 0)(1 >Γ ρ , τ=jg     (27) 

   where 
)1)(( τγα

γβ
γα
γβ

−−
+

<<
−
+ K  and 0)(1 >Γ ρ , 

K
g j )(

1
gα
gβ

−
+

−=  

where 
γα
γβ

−
+

≤K  and 0)(1 >Γ ρ , 0=jg  

where 
τγα

τγβ
)(

)1loγ()(
−

−+
−<K  and 0)(1 <Γ ρ , τ=jg  

   where 
τγα

τγβ
)(

)1loγ()(
−

−+
−≥K  and 0)(1 <Γ ρ , 0=jg  

 
Proposition 4. When the childcare cost is dominant ( jjjj LtNg /)()( Ω>>ξ ), the level of 
childcare services that would maximize the utility of a representative agent in its own 
region is obtainable by equation (27), by considering the level of childcare services of 
another region as given. Because equation (27) is independent of the level of childcare 
services of another region, the level of childcare services obtained from equation (27) is 
a dominant strategy for each region. 
 
Case 2. (when congestion cost is dominant) 
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Equation (25) can be simplified as shown below because jjjj LtNg /)()( Ω<<ξ  (same as 
case 1): 
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(28) 

From equation (28), it is understood that to maximize the utility of its own region, each 
j  region simply needs to maximize ))(1(1))()1(( γβρβ

γβ

ξ ++−+
+

− jj γγ . Therefore, if 
0))(1(1)(2 >++−+≡Γ γβρβρ , jg = 0 (no childcare services) ( ∵ 0/)( <∂∂ jj ggξ ). 

Additionally, it also means that, from equation (24), if 0)(2 <Γ ρ , jg =τ  (full childcare 
services) as the ceiling of payroll tax jτ  isτ : as shown below ( 2,1=j ). 
 

where 0)(2 >Γ ρ , jg =0      (29) 
where 0)(2 <Γ ρ , jg =τ  

 
Proposition 5. When the congestion cost is dominant ( jjjj LtNg /)()( Ω<<ξ ), the level 
of childcare services that would maximize the utility of a representative agent in its own 
region is obtainable by equation (29), by considering the level of childcare services of 
another region as given. Because equation (29) is independent of the level of childcare 
services in another region, the level of childcare services obtained from equation (29) is 
a dominating strategy for each region. 

Let us now seek a structural parameter ),,,,( Ωξγβα value that closely reflects the 
current Japanese economy, by assuming that region 1=j  is the Tokyo metropolitan 
area (the metropolis and three surrounding prefectures, including Saitama, Chiba, and 
Kanagawa) and that region 2=j  is the region other than the Tokyo metropolitan area, 
and jjjj LtNg /)()( Ω>>ξ ( 2,1=j ) as the time cost of child-rearing and congestion cost 
coefficient. First, the following is obtained from equations (3) and (4). 

γ
γ

τ −
≈

−

++

1)()1(
)1()1(

τe
τzτn

jj

jj  

Therein, 1)1( =+tn j . When the educational investment level per child )1( +tz j  accounts 
for about 10% of the potential after-tax wage rate )()1( te jjt−  (e.g. when )()1( te jjt−  is 
200 million yen, )1( +tz j  is 20 million yen), roughly 1.0=γ  is considered reasonable. 
From equation (5), the following is obtained. 
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γ
β

τ −
≈

− 1)()1(
)(

τe
τc

jj

j  

In that expression, if approximately half of the potential after-tax wage rate )()1( te jjt−  
is allocated to consumption )(tc j , excluding the child cost including opportunity cost of 
child-rearing ( )()()1()1( jjjj gtetz ξt−++ ) and residence cost ( )()( tqtR jj ), roughly 5.0=β  
is considered reasonable according to the equation above. From equation (6), the 
following is obtained. 

)1(
)1(

)()1(
)()(

γ
γβα

τ −
−−−

≈
− τe

τRτq

jj

jj  

Therein, if the residence cost ( )()( tqtR jj ) is approximately 15% of the potential after-tax 
wage rate )()1( te jjt− , then roughly 25.0=α  is considered reasonable. 

Furthermore, the total fertility rate of Japan is currently at about 1.4, which means 
that )1( +tn j ( 2,1=j ) is averaged at 0.7. In this case, when the level of childcare services 
is 0=jg , it is assumed that the average lifetime wage loss ratio of husband and wife is 
40% and )exp(4.0)exp()( 0 jjj KgKgg −=−= xx . In addition, if the population density in the 
Tokyo metropolitan area is assumed to be 1,200/km2 and population 1N = 3.6 million, 

1L = 4,000 km2, the total fertility rate is assumed to be 1.2 ( 1n =0.6), and the childcare 
service level is determined as the “potential capacity ratio of the childcare centers” (= 
capacity of childcare centers ÷ female population aged between 25 and 44), which is at 
8%. Similarly, if the population density in areas other than the Tokyo metropolitan area 
is assumed to be 300/ km2 and population 2N = 8.4 million, 2L  = 28,000 km². Also, it is 
assumed that the total fertility rate is 1.5 ( 2n =0.75) and that the level of childcare 
services is 12%. Furthermore, the maximum payroll tax rate (= maximum childcare 
services level) is assumed to be 5.0=τ . Then, from equation (3), the following 
equations are valid. 

15.02.1
9.0
15.0)08.0exp(4.09.06.0 =



 Ω+−×× K  

15.03.0
9.0
15.0)12.0exp(4.09.075.0 =



 Ω+−×× K  

When Ω
9.0
15.0  is eliminated from this simultaneous equation, the following is obtained. 

( )[ ] 15.0)12.0exp(4.0)9.075.0/(15.04)08.0exp(4.09.06.0 =−−×+−×× KK  
Then, Ω=0.04317 and K =4.952 are obtained through numerical calculation of K . 

That is, because 8)1)(/(()(4)/()( =−−+<<=−+ τγαγβγαγβ K , it can be understood 
from Proposition 4 that when 3/1<ρ , jg = 0.192 ( 2,1=j ). Furthermore, when 3/1>ρ , 
the optimal childcare service level is jg = 0.5 because ))/(()1log()( τgατgβ −−+−<K  
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=5.54 is valid. Morikawa (2011) reported that the elasticity of output with respect to 
population density is around 0.1 to 0.2. When 3/1<ρ  and if the “potential capacity 
ratio of the daycare centers” (= capacity of daycare centers ÷ female population aged 
between 25 and 44) of the current Tokyo metropolitan area is 8%. That of other areas is 
12%. These results suggest that the potential capacity ratio of the daycare centers in the 
two areas must be increased respectively by 2.4 times and by 1.6 times. 
 
5. Summary and future issues 
As described in this paper, we constructed a simple theoretical two-region OLG model 
by incorporating migration and land prices. Then we used the model to analyze the 
effects of population density and childcare services on fertility. Results elucidated the 
following three points. 

First, in the presence of congestion cost associated with an increase in population 
density, the fertility rate of the region decreases concomitantly with increased 
population density. However, if the time cost is brought down by raising the level of the 
childcare services provided in the region, then the effect of the increased population 
density on fertility can be restrained. 

Second, when the population size effect on productivity is slight, an improvement 
in childcare service availability and quality contributes to a heightened relative ratio of 
the population density. When the effect of population size on productivity is greater than 
a certain level, the relative ratio of the population density decreases if the relative ratio 
of the time cost of child-rearing decreases as a result of childcare service reform. 

Third, where each region imposes payroll tax on its residents and uses its tax 
revenue as the financial resources to undertake a decentralized strategy of childcare 
service provision in its region, the level of childcare services that maximizes the utility 
of a representative agent in each region is independent of the childcare services of any 
other region. Therefore, changing the level of childcare services becomes a dominant 
strategy. 

The following persist as issues for future studies: 
The first issue is to perform empirical investigations of the effect of population size on 
productivity. If the model presented in this paper is reasonable, as Proposition 4 clarifies, 
then the magnitude of the effect of population size on productivity is an important 
consideration for determining the level of childcare service that maximizes the utility of 
a representative agent in each region. Therefore, performing empirical studies of the 
effects of population size on productivity is an important issue. 
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Second, the model presented in this paper encompasses only two regions and does 
not incorporate capital accumulation and the effects of potential land development on 
land price and population density. Therefore, analyses to determine what modifications 
are required in Propositions 1–5 for cases in which area expansion and capital 
accumulation are regarded as important issues. 

Third, for support policies for families with small children, not only improvement 
in childcare services but also a child allowance and expansion of educational assistance 
policies can be considered. However, the impact of such measures is not analyzed under 
the model used for this study. To clarify whether it is possible or not to reduce regional 
fertility disparities by increasing fertility through sufficient implementation of childcare 
support policies, which would enable the striking of a balance between child-rearing 
and work even in highly populated regions, comprehensive childcare support measures 
must be examined. Analyzing such measures remains as an important objective. 
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