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Abstract
The sources of economic fluctuations discussed in the existing literature
are information asymmetry, incomplete contracts, and serially correlated
exogenous shocks. We show that an economy may fluctuate cyclically without
these assumptions if production of payment services (deposit money)
necessitates physical capital.
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In the existing literature on economic fluctuations and financial instability, the sources
of fluctuations have been envisioned as information asymmetry or incomplete contracts
between financier and financee (see Bernanke and Gertler [1989] and Kiyotaki and Moore
[1997]), or exogenous shocks on productivity or preference that are serially correlated
(Cooley [1995]). We show that without these assumptions business cycles may occur
in a neoclassical growth model, which is fairly standard except for the existence of two
diﬀerent kinds of capital in the production and financial sectors.

1

Model

The economy is a continuous time neoclassical growth model, in which there are consumers, firms, banks, and a government. At each point in time, four technology disturbances zit (i = 1, 2, 3, 4) hit the economy (see below). For analytical simplicity, we
assume that zit ’s are deterministic functions of t and that all agents know their exact
paths. The production function for consumer goods yt is yt = ez1t Aktα n1−α
, where kt is
t
the capital for producing consumer goods and nt is the labor input. Here, kt evolves by
k̇t = it − δf ez2t kt ,

(1)

where it is the investment in the production sector. At each point in time a firm chooses
kt and nt to maximize πtf = ez1t Aktα n1−α
− rtk kt − wt nt , where rtk is the rental rate
t
for capital k and wt is the wage rate. The production function for deposit money (i.e.,
payment services) dt is dt = ez3t Bhβt m1−β
, where ht is the capital for producing deposits
t
and mt is (real) cash reserves, i.e., the stock of cash.1 Here, ht and mt evolve by
ḣt = jt − δb ez4t ht ,

(2)

ṁt = xt ,

(3)

where jt is the investment in the banking sector, and xt is cash injection to the consumer
by the government. At each point in time a bank chooses ht and mt to maximize
1

Chari, Christiano, and Eichenbaum (1995) assume similar technology for producing deposit money.

But in their model, the same capital can be used for producing goods or financial services.
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πtb = (rtL − rtd )ez3t Bhβt m1−β
− rtd mt − rth ht , where rtL is the loan rate, rtd is the deposit
t
rate, and rth is the rental rate for capital h. The right-hand side of πtb means that
when a bank provides a loan to a consumer, it places bank deposits in the consumer’s
account while the consumer makes a promise to repay them at the loan rate rtL . Note
that the deposit dt yields the interest r d dt . We assume the following deposit-in-advance
constraint: The consumer must hold bank deposits in advance to buy a part of her
consumption and investment (ηct + ψit ), where 0 < η < 1 and 0 < ψ < 1. Therefore,
she needs to borrow bank deposits dt from a bank.
The consumer is endowed with 1 unit of labor at each point in time, and solves
maxct ,nt ,it ,jt ,dt ,st

R∞
0

u(ct )e−ρt dt subject to ct + it + jt + st + (1 + rtL )dt ≤ xt + wt nt +

rtd mt + rtk kt + rth ht + (1 + rtd )dt + πtf + πtb , ηct + ψit ≤ dt , 0 ≤ nt ≤ 1, (1), (2), and
(3), where u(c) =

c1−θ
1−θ

(θ > 0) and st is an addition in cash holdings. From the first

order conditions for the firm’s and the bank’s problems and the equilibrium conditions
(nt = 1 and st = xt ), we can obtain the following reduced form: maxct ,it ,jt

R∞
0

u(ct )e−ρt dt

subject to ct + it + jt ≤ ez1t Aktα , χct + it ≤ ez3t B 0 hβt m1−β
, (1) and (2), where χ = η/ψ
t
and B 0 = B/ψ. The Hamiltonian for this problem is H = e−ρt [u(ct ) + λt (ez1t Aktα −

ez3t Bt hβt − (1 − χ)ct − ez4t δb ht ) + qt (ez3t Bt hβt − χct − ez2t δf kt )], where Bt ≡ B 0 m1−β
, and
t

λt and qt are the Lagrange multipliers. The dynamics of the economy are described as
the paths of four variables: {kt , ht , λt , qt }. We assume the following:
Assumption The government determines xt such that ∀t |Bt − B ∗ | < ² where ² is a
small number, and limT →∞

1
T

RT
0

(Bt −B ∗ )dt = 0. The exogenous shocks zit (i = 1, 2, 3, 4)

also satisfy ∀t |zit | < ², and limT →∞

1
T

RT
0

zit dt = 0.

The steady state (k∗ , h∗ , λ∗ , q ∗ ) that corresponds to Bt = B ∗ and zit = 0 is determined
by k∗ ≡ k(h∗ ) =
1

h

ρ+δf
αA

+

i 1
(ρ+δf )(ρ+δb ) ∗1−β − 1−α q ∗
h
, λ∗
∗
αβAB

= (ρ + δf )−1 αAk∗α−1 , {(1 − χ)λ∗ +

χ
χq ∗ }− θ = χ1 {B ∗ h∗β −δf k∗ }, and F (h∗ ) = 0, where F (h) = B ∗ hβ −δf k(h)+ χ−1
(Ak(h)α −

B ∗ hβ − δb h). It is easily shown that the steady state is unique if 0 < χ ≤ 1. For χ > 1,
the steady state is also unique, since F (0) > 0 > limh→∞ F (h) and ∀h(> 0) F 0 (h) < 0.
We focus our analysis on the dynamics in the neighborhood of the steady state. Following Barro and Sala-I-Martin (1995), we can log-linearize the dynamics of this system.
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We define that xt = (ln hh∗t , ln kk∗t , ln λλ∗t , ln qq∗t )0 , b = (−B ∗ h∗β−1 , B ∗ h∗β k∗−1 , −(ρ + δb ), 0)0 ,


−βB ∗ h∗β−1 − δb


∗β

βB ∗ hk∗


A=
 (1 − β)(ρ + δb )


0

1−χ (ρ+δf )E
θ
D
1−χ (ρ+δf )F
θ
D

∗α

αA kh∗
−δf
0

ρ + δb + βB ∗ h∗β−1

(1 − α)(ρ + δf )

−(ρ + δf )
∗α

χ αAk∗α−1 E
θ
D
χ αAk ∗α−1 F
θ
D






,
∗ ∗β−1 
−(ρ + δb + βB h
)


(ρ + δf )
∗β

where D = (1−χ)(ρ+δf )+χαAk∗α−1 , E = A kh∗ −B ∗ h∗β−1 −δb , and F = B ∗ hk∗ −δf ; and
∗α

∗β

ωt = (ω1t , ω2t , ω3t , ω4t )0 , where ω1t = A kh∗ z1t −B ∗ h∗β−1 z3t −δb z4t , ω2t = B ∗ hk∗ z3t −δf z2t ,
∗

∗

ω3t = δb z4t + βB ∗ h∗β−1 z3t − λq ∗ βB ∗ h∗β−1 z3t , and ω4t = δf z2t − λq∗ αAk∗α−1 z1t . Note that
∀t |ωit | < ²0 for a small number ²0 and limT →∞

1
T

RT
0

ωit dt = 0. The log-linearized

Bt
dynamics around the steady state are described as ẋt = Axt + b ln B
∗ + ωt .

As a benchmark, let us examine the case where ωt = 0 and Bt = B ∗ for all t. In
this case, the dynamics are described as ẋt = Axt , the general solution to which is xgt =
P4

i=1 Ci e

µi t x

i,

where xi (|xi | = 1) is the eigenvector corresponding to the eigenvalue

µi (i = 1, 2, 3, 4) of matrix A, and Ci is the constant determined by the initial and

the transversality conditions (see Hirsch and Smale [1974]). We confirmed numerically
that for a wide range of parameter values two eigenvalues are positive real numbers or
complex numbers with positive real parts and the other two are either negative real
numbers (see, for example, the white region of the figure) or complex numbers that are
mutually conjugate with real parts that are negative (the shaded region of the figure).
Suppose that parameter values are in the shaded region. We can denote that µ1 = −r+iφ
and µ2 = −r − iφ, µ3 > 0, and µ4 > 0, where r > 0 and φ > 0. The transversality
conditions (limt→∞ λt kt = limt→∞ qt ht = 0) imply C3 = C4 = 0. Thus, the solution
is xt = v1 e−rt cos φt + v2 e−rt sin φt, where v1 and v2 are real valued vectors that are
linear combinations of x1 and x2 . Therefore, in the neighborhood of the steady state,
the economy cyclically fluctuates at the frequency φ and asymptotically converges to the
steady state. This behavior is called a damped oscillation at frequency φ.
In the case where ωt 6= 0 and ∀t Bt = B ∗ , the system exhibits a forced oscillation.
The economy continues to fluctuate, and the frequency corresponding to the largest power
spectrum of the fluctuation is also φ if ωt is approximated as an i.i.d. random shock. In
4

the case where ωt = 0 and Bt 6= B ∗ , the solution is xt +

P4

i=1 bi xi e

µi t

Rt
0

Bs
e−µi s ln B
∗ ds,

where bi is the inner product of b and xi . In this case too, it can be said that the
economy fluctuates mainly at the frequency φ if Bt is approximated as an i.i.d. shock.

2

Concluding Remarks

The figure implies that oscillation occurs when B 0 is large and β is small. This means
that the economy may become unstable as the financial sector becomes more productive
(a large B 0 ) and physical capital becomes less important in producing financial services
(a small β). Thus this model implies that financial innovation may make the economy
unstable. Note that φ (the main frequency of fluctuations) is a structural parameter,
which is independent from the nature of exogenous shocks zit . This implies that the
frequencies of business cycles may not be determined by exogenous temporary shocks on
technology or preference, but by the fundamental structure of the economic system.

References
Barro, R. J., and X. Sala-I-Martin (1995). Economic Growth. New York: McGrawHill.
Bernanke, B. S., and M. Gartler (1989). “Agency Costs, Net Worth, and Business
Fluctuations.” American Economic Review 79:14—31.
Chari, V. V., L. J. Christiano, and M. Eichenbaum (1995). “Inside Money, Outside
Money, and Short-Term Interst Rates.” Journal of Money, Credit and Banking 27 (4):
1354—86.
Cooley, T. F. (1995). Frontiers of Business Cycle Research. New Jersey: Princeton
University Press.
Hirsch, M. W., and S. Smale (1974). Diﬀerential Equations, Dynamical Systems, and
Linear Algebra. New York: Academic Press.
Kiyotaki, N., and J. Moore (1997). “Credit Cycles.” Journal of Political Economy
105:211—48.
5

The Region of Damped Oscillation
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Parameters:

A =1
α = 0.35
ρ , δ b , δ f = 0.002

θ = 1.5
χ = 0.5

