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Basic Model — Setup (1/4)

@ Closed Economy, Discrete timet=0,1,--- ,00

@ Two competitive markets open sequentially at each date t
— Day market and Night market

@ Goods:
» Consumption goods (numeraire) — Produced in the night
market
» Intermediate goods — Produced in the day market

@ Assets:
» Machines (productive, collateralizable, last for one period)
» Cash — Injected by Central Bank in the night market
» Bank deposits
» Bank loans — Not tradable

Keiichiro Kobayashi (2009) Banking Crises 2009/07/03 CARF-RIETI 9/50



Basic Model — Setup (2/4)

@ Continuum of sellers, buyers, and banks

v

Banks live for one period. Measure of banks: 1

v

Sellers live for infinite periods. Measure of sellers: n

» Buyers live for infinite periods. Measure of buyers: 1 —n

v

Discount factor: 8 (< 1) for sellers and buyers
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Basic Model — Setup (3/4)

@ Previous Night Market (date t — 1): Sellers and buyers decide
cash holdings, bank deposits, and bank loans that they carry
over to date t.

@ Day market: Anonymous market (Trade credit is not available)

» Sellers produce and sell the intermediate goods, g, to buyers

» Buyers have to pay cash to sellers. (Either they have cash in
advance or they withdraw bank deposits)

» After the goods trading, sellers and buyers decide cash
holdings and bank deposits they carry to the night market.
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Basic Model — Setup (4/4)

@ Night market: Trade credit is available. Money is not needed as
a medium of exchange, but is used as a store of value.

» Buyers are endowed with machines, k. Buyers repay bank
loans.

» Sellers, buyers, (and banks) trade the intermediate goods g and
machines, k

» Buyers produce the consumption goods y from g and k by
y = Ak'~?qf. Consumption takes place.

» Bank deposits are paid out, and banks are liquidated.

» New banks are born. Cash is injected. Cash holdings, bank
deposits, and bank loans carried over to date t + 1 are decided.
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Bank’s Problem (1/4)

@ Banks have record keeping technology for financial
transactions of sellers and buyers.

@ Banks can enforce loan repayment on the borrowers.

@ Date-(t — 1) night market

» Banks make loans, L, hold cash reserves, C;, and accept
deposits, Dx.

@ Date-t day market

» Deposits become (1 + ig)D;. Banks promise to exchange
deposits to cash at anytime during the day market.

@ Date-t night market

» Banks collect loans, (1 +i)Lt, pay out deposits, (1 +in)(1+iq)Dy,
and are liquidated.
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Bank’s Problem (2/4)

@ Banks’ problem is

Lr%a%([(l +)Le+C— (A +1in)(A +1g)Dyl+

subject to
Lt + Ct < Dt, (1)

(1 + id)Dt < %Ct (2)

Keiichiro Kobayashi (2009) Banking Crises 2009/07/03 CARF-RIETI 14 /50



Bank’s Problem (3/4) — Cash Reserve

The day market is divided into J submarkets. p = 1/J.
Cash circulates J times.

> Bank = Buyers j = Sellers | = Bank = Buyers j+ 1= --- (J times)

A buyer in Buyers | withdraw all deposit: (1 + ig)d.
Number of Buyers j is (1 —n)/J.

Total withdrawal of Buyers j: (1 +i4)D/J.

Total withdrawal must equal bank’s cash reserve: C

The reserve requirement:

: 1
(1 + |d)Dt < /—)Ct
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Bank’s Problem (4/4)

@ Both (1) and (2) bind in equilibrium. The reduced form of
bank’s problem is

] 1+i,
max|(1+i — - 1;+1- C:. 3
C ( ){(l+ld)p } p L t ©
@ Since C; cannot be infinite in equilibrium, it must be the case
that
(L+ig)(L+1in) =1+{1- (1 +ig)pli, (4)

and the profit for the banks is zero.
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Sequence of Decisions

@ Date-(t — 1) night market

» Agent chooses m (cash), d9 (deposit), | (loan) to carry over to
the date-t day market.

@ Date-t day market
» Deposit becomes (1 + iq)dd.
» Seller produces ¢° (intermediate goods) with utility cost of c(g®).
~ Buyer buys g units and pays pcP.
» Agent chooses m" (cash), d" (deposit) to carry over to the date-t
night market. (Loan, |, does not change.)

@ Date-t night market
» Deposit becomes (1 + in)d". Loan becomes (1 + i)l.
» Production, trade, and consumption of the consumption goods
take place.
> Agent chooses mf,, d
day market.
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Night Market — Seller’s Problem (1/2)

@ Bellman equation is

W d ) = omax | [UGQ - h+ BVE (mhy, d )] ®)

subject to
X+ ¢l +d9) —111) = h+ gfm + (L +in)d" = (L+ D) + (v = DMy), (6)
where ¢ is the real value of cash. This program can be rewritten as
WM, d", 1) =g{m" + (L +in)d" — (L + i)l + (yr — 1)My}

+ [U(X) X— ¢(nﬂ1 + dfi,l I+1) +,3Vf1(”ﬂ1 d+1 |+1)]
Xmyq, d+
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Night Market — Seller’s Problem (2/2)

@ The first-order conditions (FOCs) are U’(x) = 1 and

¢ > pVa(+1), where if >, then m; = 0; if =, then n; > 0; @
¢ > pV5(+1), where if >, then d%; = 0; if =, then d%, > 0; ®)
¢ < —BV3(+1), where if <, thenl,; =0; if =, thenl,; >0, 9)

where V§(+1) = Zvs(mf,,d? . 1,1) for x = md

= ox +1° Y1 +1°
@ The envelope conditions imply that WS can be written as

d?—l’ |+l-

WS, d", 1) = gl + (1 + in)d" — (1 + i)l} + W, (10)

where V_VtS is independent from the state variables.
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Night Market — Buyer’s Problem (1/3)

@ Bellman equation is

WP(g, m",d",1) = | max [UX) —h+ave (md, dd,140)] (11)
xhmyq,d,q.l41

subject to
X+ ¢(mly +d9) —111) = h+ glak+wg+ m + (L +in)d" — (1 + i)l + (3 — )My, (12)

where k is the number of the machines, q is the quantity of the intermediate goods, and a and
w are the market prices. This program can be rewritten as

WS, d", 1) =¢{ak + wgq+ m" + (L +in)d" = (1 + )l + (31 — 1)My}

max  [U(x) - x— ¢(my +d%; —1.q) +AVE (e, d9 ), 1L0)]
Xmyg,dia,l41
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Night Market — Buyer’s Problem (2/3)

@ The FOCs are U’(X) = 1 and

¢ > BVE(+1), where if >, then m, = 0; if =, thenm?, > 0; (13)
¢ = BVE(+1), where if >, then d®; = 0; if =, then d%, > 0; (14)
¢ < —ﬂV,b(+1), where if <, thenl,; =0; if =, thenl,; > 0. (15)

The envelope conditions imply that WP can be written as
WE(GP, P, M, 1) = plak+ wa+ i + (L +in)d" — (L + i)l} + WS, (16)

ob . .
where W; is independent from the state variables.
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Night Market — Buyer’s Problem (3/3)

@ In the night market, the buyers produce the consumption
goods with the Cobb-Douglas technology, y = Ak:¢f.

@ Since k and g are competitively traded, the prices are
determined by

¢a = (1- 0)A[), (17)
ow = OA(Q?)" T, (18)

since k = 1 and q = ¢ per buyer.
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Day Market — Seller’'s Problem (1/3)

@ Bellman equation is

ve(m?, d9, 1) = max —c(q) + WS(m", d", 1) (19)
q,mn.dn
subject to
'+ d" = pg+m? + (1+ig)d?, (20)
m' >0, and d" > 0. (21)

@ This program can be rewritten as

vs(m?, d9,1) = T$x¢pq — (@) + ¢m® + (L +ig)d® +ind — (1 + i)} + W,

subject to d" < pg+m? + (1 +ig)dq.
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Day Market — Seller’'s Problem (2/3)

@ Given i, > 0, the FOCs imply

_ (@)
op= T+’ (22)
d" = pg+m® + (1 +ig)d?, (23)
m's=0. (24)

@ Sellers deposit all cash into their banks immediately.
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Day Market — Seller’'s Problem (3/3)

@ The envelope conditions: V3 = ¢(1 +1ip), V§ = ¢(1 +ig)(1 +ip),
and V? = —¢(1 +i). These conditions and the FOCs for the
night market imply that

¢ = Bodr1(l+in+1), where if >, then nﬂl =0; if =, then nﬂl >0; (25)
¢ > Bpia(1+ids1)(d +ins1)s where if >, thend?, = 0; if =, then d%; > 0; (26)
& <Bpia(l+is1), where if <, thenl,s = 0; if =, thenl,q > 0. 27)
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Day Market — Buyer’s Problem (1/3)

@ Bellman equation is
Vo, dd, 1) = [max Slak +wg+ m + (L+in)d — (L+ i)} + WY,
subject to M + d" + pg= md + (1 + ig)de.
@ In the case when i, > 0,

d"=m® + (L+ig)d - pq, (28)
m® = 0. (29)

@ Buyers deposit all remaining money into the banks, and hold
no cash.

Keiichiro Kobayashi (2009) Banking Crises 2009/07/03 CARF-RIETI 26 /50



Day Market — Buyer’s Problem (2/3)

@ The reduced form of the buyer’s program:

VO, dd, 1) = mqax¢{ak+ wg— (L+in)pg+ (1 + in)m® + (L +ig)(L +in)d — (1 + i)} +v_v{’,

(30)
subject to
pg< m + (1 +ig)d". (31)
@ The FOC is
@A+in+)p=w, where if >, then qb =0; if =, then qb >0, (32)

@ The envelope conditions are V? = ¢(1 + i, + 1),
VO = ¢(L+ig)(1+in+ 1), VP = —¢(1 +1i), where A is the
Lagrange multiplier for (31).
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Day Market — Buyer’'s Problem (3/3)

@ The envelope conditions and the FOCs for the night market

imply
¢ > Boia(l+ins1 + As1), whereif >, thenm®, = 0; if =, thenm®, >0, (33)
¢ 2 Bra(l+ig+1)(L+ins1+ A1), whereif >, thend?, = 0; if =, thendd; >0; (34)
¢ <Bdi1(l+i41), where if <, thenl,;1 =0; if =, thenl,; > 0. (35)
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Equilibrium (1/2)
@ The inflation rate y = ¢/¢,1 is determined by

Yl 94, (36)

@ SinceO<ig<iandO<i,<I, sellers carry no cash nor
deposit into the day market:

m? =0,and d¥=0. (37)

@ Liquidity constraint, (31), binds:

A41 =piy1 >0, (38)

@ Buyer carries no cash in the day market: m¢ = 0. Buyer’s
deposit is
(1+ig)d” = pcf. (39)
e M =d"™ =0, d" = pg’, and m"s = 0, where ¢° = (1 - n)g°/n.



Equilibrium (2/2)

@ Buyer’s purchase o

oA (@)
1+i (A+i@+in)’ (40)
@ ¢d® is determined by
an _ OAE)’
P =T (41)

@ The variables for banks are determined by

¢D¢ = (1 - n)pd®,
Ct = Mt.
¢Le = gnl®+ ¢(1 - n)I° = (1 - n)(1 - p)pd®,

@ 2= ¢M, = ¢C, is determined by z = (1 + ig)(1 — n)p@d®.
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Basic Model — No Bank Runs

@ Ifiy > 0, there are no bank runs
» Bank insolvency never occurs. (Loan enforcement)
» No default on bank deposits
» Since i > 0, agents are strictly better-off by depositing their
income into the banks rather than holding their income in the
form of cash.

@ Ifi, = 0, bank runs may occur as a herd behavior

» Agents are indifferent between bank deposit and cash. (The
same returns)

» Herd behavior may induce bank runs.

» The Friedman rule is the first best. (But not so in the following
model with banking crisis.)
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Bank Insolvency Shock Model — Setup (1/2)

@ Macroeconomic shock, @, hits the day market.

@ Banks have complete loan enforcement technology.

@ After loan repayments are made, 1 — @ of bank assets are
destroyed:

- 1 with probability 1 — 6,

©= { w(<1) with probability . (42)

o If @ = w, agents expect bank insolvency.

@ Sellers decide to hold cash rather than deposits.

@ Circulation of cash stops in the first round. (Bank runs)
» Bank = Buyers 1 = Sellers 1 = X
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Bank Insolvency Shock Model — Setup (2/2)

@ Each seller and buyer faces stochastic environment: I and A

@ Probability that a depositor can successfully withdraw the full
amount of deposit in the day market, I'.

[ 1 ifo=1
TIrk1 ifo=w

@ (In Crisis, I' is the Prob. for a buyer to be luckily in Buyers 1.)

@ A depositor who holds d; units of deposits in the night market is
ultimately paid Ad; units of cash:

- (1 =1,
A‘{ AL ifd=w
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Bank Insolvency Shock Model

@ Night Market: Optimization problems are the same as Basic
Model

@ Day Market: Seller's Problem
» Bank runs do not affect (seriously) the Seller’'s Problem.
» Sellers produce and sell g.
» If @ = w, sellers hold cash and do not deposit their income in the
banks, anticipating a lower return on deposits, i.e., A = A (< 1).
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Day Market — Buyer's Problem

@ State of a buyer: i = n, s, f, which occurs with probability &;.
» State n: no bankrun;sh=1-6;0=1
» State s Successful withdrawal during a bank run; ds = 6T;

0 =w.
» State f: Failure to withdraw during a bank run; 6¢ = 6(1 -T);
W= w.

@ Buyer’s problem is

ve(m?, dd, 1) = Z max 5vvb(q.,nf d"l;A),  (43)

|ns,f

subject to budget and liquidity constraints for the respective
states.
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Equilibrium (1/2)

@ Assume ¢, probability of bank insolvency, is sufficiently small.

@ Itis shown that m?® = 0 (Buyers do not carry cash in the day
market.)

@ Buyer’s problem becomes
Vo™, d,1) = Jmax Elgwics - (L+Tnpiai)] +
= qﬂ?x (1 - 6)p{WnCn — (1 + in)Pnln} + ST A{W,,0s — P.,0s}
+6(1-D)pfwWo0s — PO} + -+,
subject to
Pl < (1 +ig)d™,
Pu < (1+ig)d™,
puf} <0.
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Equilibrium (2/2)
@ Variables, gn, s, and ¢d® are determined by

,(1-n .

¢ (H57) o = 0+ o,
1-n )

e

(1+in)(A+ig)) _ (A~ S)OAER, )" + 60A(Fqs+1)3
1+i 1+i

pod (1 -5(1-D)A

oA’

e in the Basic Model.

The third eq. corresponds to ¢d®° =
@ I'=C/{(1+ig)D} = p, if no cash injection.

@ A=1+)wl/Q+in){(1+ig)D-C}=(1-p+inw/{(1-p)(1+in)},
if no government guarantee.
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Real Damage due to Banking Crisis

@ In a banking crisis, Buyers 1 can withdraw deposits, while the
other buyers (Buyers j for j = 2,3,---, J) cannot.

@ Only Buyers 1 can purchase the intermediate goods.

@ Production of the intermediate goods:
» (1 - n)d in normal times
» (1-n)pg? in the banking crisis
> Itis shown that (1 - n)pg? < (1 - n)gl.
@ Production of the consumption goods:
> Yn = (1 - n)A(QR)? in normal times.
Y, = (1 - nN)A(eqR)? in the banking crisis.
> (Yn=Yo)/Yn=.42if0=1/2, p =1/9, and c(q) = ¢~
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Deflation

Price in normal times: ¢p, = ¢’ (%qﬁ)

Price in the banking crisis: ¢p,, = ¢ (%pq'g)

Since pgf < @, it is shown that p,, < p,
Price of the intermediate goods declines in the banking crisis.

Lower price does not increase the demand. (Cash is
necessary to buy the goods and only Buyers 1 have cash.)
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Incomplete Loan Enforcement Model —
Setup

@ Banks cannot enforce loan repayment on the borrowers.
@ Banks need to secure loans by collateral, k.

@ Only buyers are endowed with k.

@ Collateral constraint is

@+ =0, for sellers
(1 + )P < Eafakd], for buyers

@ Macroeconomic sunspot shock, @, changes the depositors’
expectations on the other depositors’ withdrawal decision:

~ |1 with probability 1 — 9,
w (< 1) with probability 6.

@ If ® = w, all agents believe that no sellers deposit their income
in the banks.
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Bank insolvency due to bank runs (1/2)

@ Suppose that all agents have the expectations that all sellers
never deposit their income in the banks, but hold it in the form
of cash. (Bank runs)

@ Agents expect that Buyers 1 can withdraw deposits and the
other buyers (Buyers 2, - - -, Buyers J) cannot.

@ Agents expect that only Buyers 1 can buy the intermediate
goods.

@ Agents expect that the production of the intermediate goods
decreases.
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Bank insolvency due to bank runs (2/2)

@ Agents expect that since the intermediate goods decrease, the
marginal product of capital will decrease. (Y = Ak-f.)

@ Agents expect that the asset price (= MPK) will be low:
a, = (1 - 0)A(pR)’.
» A bank cannot enforce loan repayment.

» When a borrower repudiates loan repayment, the bank can only
seize the collateral, k (= 1), and sell it at the price of a.

» If (L+i)I? > a,, the banks cannot collect the full amount of bank
loans.

» Bank assets in the night market become (1 —n)a,, < (1 +1)L.

@ Agents expect that the banks become insolvent once bank
runs occur.
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Coordination Failure

@ If @ = 1, agents expect the other agents deposit their income
immediately in the banks (No bank runs)

Prodction and trading in the day market are normally done.
Asset price will be a, (> (1 +i)I°).

Banks will be solvent.

Optimal decision for sellers and buyers is to hold bank deposits.
(No-bank-run expectation is justified.)

v

v

A\

v

@ If ® = w, agents expect the other agents to never deposit their
income in the banks (Bank runs)

» Production and trading in the day market are disrupted.

» Asset price will be a,, (< (1 +i)IP).

» Banks will be insolvent.

» Optimal decision is to hold cash (Bank-run expectation is
justified)
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Equilibrium

@ Equilibrium is calculated just like that of the Bank Insolvency
Shock Model.

@ Only difference is the endogeneity of A:

» Bank asset in the night market becomes (1 — n)a,k.
» Bank liability becomes
(L+in){(1+ig)D - C} = (L +in)(1 +ig)(1 - p)(1 — n)d®.

» The value of A is determined by

A (L= mak __ a-oA@
T @A - - nd® T LI+ i) - )
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o TRLEE (LLRAAE)
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