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are termed the scaled magnetization and scaled tempera-
ture, while the function F (1)(x)"M(1,x) defined in Eq.
(11a) is called a scaling function.

In Fig. 1, the scaled magnetization MH is plotted
against the scaled temperature %H , and the entire family
of M(H"const,T) curves ‘‘collapse’’ onto a single func-
tion. This scaling function F (1)(H)"M(1,%H) evidently
is the magnetization function in fixed nonzero magnetic
field.

V. WHAT IS UNIVERSALITY?

Empirically, one finds that all systems in nature be-
long to one of a comparatively small number of such
universality classes. Two specific microscopic interaction
Hamiltonians appear almost sufficient to encompass the
universality classes necessary for static critical phenom-
ena.

The first of these is the Q-state Potts model (Potts,
1952; Wu, 1982). One assumes that each spin i can be in
one of Q possible discrete orientations ' i (' i
"1,2, . . . ,Q). If two neighboring spins i and j are in the
same orientation, then they contribute an amount !J to
the total energy of a configuration. If i and j are in dif-
ferent orientations, they contribute nothing. Thus the
interaction Hamiltonian is [Fig. 2(a)]

H"d ,s #"!J(
)ij*

$"' i ,' j#, (12a)

where $(' i ,' j)"1 if ' i"' j , and is zero otherwise. The
angular brackets in Eq. (12a) indicate that the summa-
tion is over all pairs of nearest-neighbor sites )ij*. The
interaction energy of a pair of neighboring parallel spins
is !J , so that if J#0, the system should order ferromag-
netically at T"0.

The second such model is the n-vector model (Stan-
ley, 1968), characterized by spins capable of taking on a
continuum of states [Fig. 2(b)]. The Hamiltonian for the
n-vector model is

H"d ,n #"!J(
)ij*

S! i•S! j . (12b)

Here, the spin S! i!(Si1 ,Si2 , . . . ,Sin) is an
n-dimensional unit vector with (+"1

n Si+
2 "1, and S! i inter-

acts isotropically with spin S! j localized on site j . Two
parameters in the n-vector model are the system dimen-
sionality d and the spin dimensionality n. The parameter
n is sometimes called the order-parameter symmetry
number; both d and n determine the universality class of
a system for static exponents.

Both the Potts and n-vector hierarchies are generali-
zation of the simple Ising model of a uniaxial ferromag-
net. This is indicated schematically in Fig. 2(c), in which
the Potts hierarchy is depicted as a north-south ‘‘Metro
line,’’ while the n-vector hierarchy appears as an east-
west line. The various stops along the respective Metro
lines are labeled by the appropriate value of s and n .
The two Metro lines have a correspondence at the Ising
model, where Q"2 and n"1.

Along the north-south Metro line (the Q-state hierar-
chy), Kasteleyn and Fortuin showed that the limit Q
"1 reduces to the random percolation problem, which
may be relevant to the onset of gelation (Stauffer and
Aharony, 1992; Bunde and Havlin, 1996). Stephen dem-
onstrated that the limit Q"0 corresponds to a type of
treelike percolation, while Aharony and Müller showed
that the case Q"3 has been demonstrated to be of rel-
evance in interpreting experimental data on structural
phase transitions and on absorbed monolayer systems.

The east-west Metro line, though newer, has probably
been studied more extensively than the north-south line;
hence we shall discuss the east-west line first. For n"1,
the spins Si are one-dimensional unit vectors which take
on the values $1. Equation (12b), H(d ,1), is the Ising
Hamiltonian, which has proved extremely useful in in-
terpreting the properties of the liquid-gas critical point
(Levelt Sengers et al., 1977). This case also corresponds
to the uniaxial ferromagnet introduced previously.

FIG. 2. Schematic illustrations of the possible orientations of
the spins in (a) the s-state Potts model, and (b) the n-vector
model. Note that the two models coincide when Q"2 and n
"1. (c) North-south and east-west ‘‘Metro lines.’’
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