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1 Introduction

As China and other emerging countries evolve, the needs of commodities such
as energy and metals are stronger than ever. On the other hand, the financial-
ization of commodities is another aspect of recent trends in this market. Thus,
commodities are an interesting area to be studied from financial and economical
points of view. In this paper, we propose a model which includes financial and
economical aspects of commodity spot, forward, and futures prices.

One of the most important key factors of commodity spot, forward, and
futures is the convenience yield. This was recognized by Kaldor (1939). Kaldor
realized that there were differences among commodity spot, forward, and ex-
pected prices which were constructed by interest rates, carrying cost, risk pre-
mium, and the convenience yield.! Working (1949) argued that the convenience
yield increases as the amount of storage become scarce through examples from
wheat markets which is now called as the theory of storage. Brennan (1958)
analyzed the theory of storage empirically. He defined the net total cost of
storage to be the cost of physical storage plus the risk-aversion factor minus
the convenience yield and estimated the marginal risk-aversion factor minus the
marginal convenience yield using agricultural products.

In 1990, Gibson and Schwartz (1990) introduced mean reverting convenience
yields with geometric Brownian spot prices and analyzed futures prices on crude
oil. The model enriched the earlier paper to include the stochastic behavior of
commodity spot prices and convenience yields. Schwartz (1997) enhanced their
model to include mean-reverting interest rates. This was generalized by Mil-
tersen and Schwartz (1998) to incorporate futures convenience yields and for-
ward interest rates through the Heath-Jarrow-Morton (1992) framework. An-
other generalization was done by Casassus and Collin-Dufresne (2005). How-
ever, in these papers, the convenience yield is exogenous and defined to be the
difference of commodity spot, forward, and futures prices. In our paper, the
convenience yield is not assumed explicitly but is derived as a by-product of
storage constraints on a firm.

On the other hand, there were some research studies from economical as-
pects. Deaton and Laroque (1992) analyzed the commodity price with stor-
age by modeling producer-consumers and risk-neutral inventory holders under
equilibrium. However, they did not include futures or forward markets and
thus convenience yield was not analyzed. Routledge, Seppi, and Spatt (2000)
extended Deaton and Laroque’s model and studied the spot and the forward
prices including the convenience yield. On the other hand, Gorton, Hayashi, and
Seppi (2013) revealed the relation between the convenience yield and inventory
through empirical analysis with risk-averse hedger. Casassus et al. (2013) used
production rates and utility functions in their model and showed that conve-
nience yield can be expressed as the marginal productivity rate. However, all
of these models do not build from the firm’s profit maximization and thus the

n Kaldor’s (1939) paper, he used forward instead of futures. Since interest rate is deter-
ministic in his paper, there will be no difference between forward and futures price as Cox, et
al. (1981) state.



relation between commodity spot prices, forward, and futures prices were not
analyzed concretely.

However, Nakajima (2015) proposed a model which includes the firm’s profit
maximization and consumer-speculator’s utility maximization under a discrete-
time setting and derived the equation for the commodity spot price, forward
price, and futures prices. He interpreted that the convenience yield could be
decomposed into cost and yield parts which were restrictions on spot, forward, or
futures storage. Thus, in his model the convenience yield are not an exogenous
factor but endogenously determined.

In this paper, we enhance Nakajima’s model (2015) into a continuous-time
setting. That is, we model a representative firm of an industry which takes
one-input commodity, produce one-output commodity, trade forward and store
input commodity. There are trading constraints and storage constraints. Since
the stochastic control have been developed throughout these years, we apply
these tools. We use the Hamilton-Jacobi-Bellman equation and the Feynman-
Kac formula in order to derive the optimal condition and the spot-forward price
relation. This allows us to compare with the other financial stochastic model
such as the Gibson-Schwartz model and thus we can reinterpret convenience
yield as shadow prices on constraints used by the firm.

In Section 2, we set up a one-input and one-output model with forward
trading. Here we introduce other models which consider hedging by forward
under cash settlement, futures, and hedging by forward on the output com-
modity. In Section 3, we provide equations for spot commodity prices, future
spot commodity prices, forward prices, and futures prices and discuss their im-
plications. We show correspondences with other existing models such as the
Gibson-Schwartz model and the Schwartz model. Also, we analyze our model
numerically through the Gibson-Schwartz model with parameters estimated by
Schwartz. We derive the optimal amount of buying and using the commodity
and the optimal trading strategy for forward. Furthermore, we show that the
existence of a speculator-consumer agent implies that we have a different way
of pricing commodity forward. Section 4 concludes.

2 The One-Input and One-Output Model
2.1 A Firm

We consider a representative firm which uses commodity 2, e.g. coal or crude oil,
to produce commodity 1, e.g. electricity or heating oil. Let (Q, F, {F: }o<i<7, P)
be a filtered probability space. P is the risk-neutral probability and the cor-
responding natural probability is Py which will be considered when we are
discussing speculators’ behavior.? Let p : D, — R be a production function for
commodity 1 which uses commodity 2.3 The prices of spot commodities at time

2We assume that there is no approximate arbitrage and thus there exists a risk-neutral
probability. See Duffie (2001), Chapter 6, Section K, Proposition, p.121.
31n this paper, R4 is {z|z > 0} and Rf is{(@n)n=1,...,n|xn > 0}.



t are S,,(t),n = 1,2. We assume that the storage cost depends on a storage
price process S3(t) which is positive and Fi-adapted. These prices satisfy the
following stochastic differential equations.

dS,(t) = Sn(t){us, (t)dt +0g,(t)-dB(t)},0<t<T,n=1,2

where B(t) is a d-dimensional standard Brownian motion. We assume that
{Fi}o<i<r is a natural filtration generated by B(t) and augmented by P-null
sets in F. Commodity 2 can be stored and there are forward contracts for
commodity 2. The prices of forward commodities at time ¢ which mature at T,,
are Fy(t,T,,),0 <t < T, T,y € #F»(t,T) where we denote #F»(t,T) to be a
finite number of commodity forward that matures between [¢t,T]. The forward
price Fy(t,T;,) follows the stochastic differential equation:

ARyt Ty) = Fo(t,Tm) {ur @t Tn)dt + op,(t, ) -dB(t)},0 <t < T,

There are many finite maturities (771, -+ ,Tas) for forward and we assume that
there is a forward contract which matures at 7. The forward commodity is
physically delivered with spot commodity at maturity. Therefore, Fy(t,t) =
Sa(t) for any t € #F5(0,T). Let R : Dr — R be a cost function of storage
of physical commodity 2 and storage price process S3(¢) which is positive and
Fi-adapted. We define the domain of p and R in the next section. The Heath-
Jarrow-Morton type forward interest rate is f(¢,s) which are modeled by the
following stochastic differential equations®

df(t,T) = pus(t, T)dt + o (¢, T)dB(t)

and the spot interest rate is r(¢) which is f(¢,t) = r(¢t). Therefore the price
of the bank account at time ¢ is Py(t) = exp(fot r(u)du). We also assume
that ps, (1), s (-, T),08,(-),0m, (-, T),0(-, T) are continuous on [0, T]. We denote
E;(-) as the conditional expectation given F;.

We use the following notations. gg,s(t) is the amount of spot commodity
2 bought at time ¢, gs, (t) is the amount of spot commodity 2 used at time
t, qpp(t, Tm), T € #F5(0,T) is the amount of future commodity 2 which
matures at time T, bought at time ¢t. Note that the amount of purchased
future commodity 2 gg, (¢, T0), Trn € #F5(0,t) which are matured before time
t are 0, because there are no forward traded after it matures. We use the
notation q(t) = (45,.4(8), @5 (1), (qr,.0(t, T) i<, <) for these amounts and
q = (q(t))o<i<r-

The amount of stored commodity is

t
mﬂ)z:moﬁ/%m@—%w@m
0

+ Y leran(TnTm),0<t<T
T €4 F5(0,1)

4Here we assume conditions C.1, C.2, and C.3 from Heath, Jarrow, and Morton (1992).



and the amount of storage of forward commodity which matures at time 7T, are

t
2p(t, Tim) = Tpy0,1,, +/ qry p(8, T )ds, 0 <t <T.T,, € #F5(t,T).
0

In this model, we adopt physical delivery for trading forward. The amount of
storage of forward commodity which reached maturity z,(¢,t) are spot com-
modities and the firm can use it for production. Although we introduce other
models for cash settlement or hedging by forward on output commodities, the
model with physical delivery will be the one we mainly focus on.

We now formulate a stochastic control problem for a firm. Let us define

2(t) = (zs,(8), (xr, (&, Ton)) 1, €672 (0,1, 7 (1), S1(2), S2(2), S3(8), (Fa(t, Ton)) 13, €672 (0.1))

which the stochastic controlled system is

dz(t) = pa(t,2(t), q(t))dt + ou(t, 2(t), ¢(1))dB(t) (1)
z(0) = xo

and

pa(t, (1), q(t))
= (gsu,p(t) — qs,,u(t) + Z L=t 21y (8, Ton)s (08,6 (t Ton) )1, e o (8,7 5
Ton €4 F5(t,T)
pr(t,t), (ns, (£)Sn(t))n=1,23, (kr, (t, Tm) Fa(t, Tm))Tme#Fg(t,T))T
oz (t, (1))

.
= (0,0,07(t,t), (s, )Sn())n=1,2,3, (O (t, T)) Fo(t, T)) 1, e e o (t.7)) -

The first two terms are the amount of storage (xg,(t), {zr,(¢t,T))), followed by
interest rate r(t), commodity spot prices (S, (t)), and forward prices (Fa (¢, T),)).
Note that the firm can control the amount of storage but it can not control
interest rates and prices.

The firm’s objective is to maximize its profit.’

sup El/ e Jo T (p(gg, (1)) S1(E) — gs,.()S2(t) — R(xs, (t), S3(t)))dt

qeQ 0

T
- / S e BT (4 T Fy(t, Tt
O T,.e#F:(t,T)

tem Jo rwdug (7Y, (T) | (2)

5Here we assume that there is a risk-neutral probability and the firm’s expected discounted
value of profits is defined under this probability.



where

Q = {q:qis Fi-adapted process ,xg,(t) > 0,0 <t <T,
0<gs,u(t) < Ksyu,0<t<T,
0<zapr(t,Tm) <K,0<t<T, T, € #F(tT),
Lg, b <gs,b(t) < Kg,p,0<t<T,
Lp,y <qrp(t,Tm) < Kp,p,0<t<T,T, € #F(t,T)}.

The first two terms are the firm’s profit from its main business. The third
term is the storage cost of spot commodity 2. Therefore, these three terms
represent sales minus cost, including the storage cost. The fourth term is the
cost of purchasing forward contracts on commodity 2. The last term is the
income from disposing storage at time 7. This is a continuous-time version of
Nakajima model (2015).

Note that the firm does not short sell spot commodities or forward contracts.
The firm has upper limits for the forward contract in order to limit the forward
price risk. Forward can be stored without storage costs unless it is matured.
Define ¢* to be the optimal control and x* to be the corresponding optimal state
process. Moreover, the model is based on a risk-neutral agent which is adopted
by Deaton and Laroque (1992) and Routledge et al. (2000). The difference
with these models are that in this model we consider the production planning.
The economic intuition of this model is that the firm is not just deciding the
production planning, but also the trading strategy to maximize its profits while
controlling its storage amount.

Although a typical example of commodities are coal and electricity (dark
spread) for this model, there are other examples in the real world which are:
Natural gas and electricity (spark spread), crude oil and heating oil or other
petroleum products (crack spread), natural gas and natural gas liquids (frac
spread), and soybean and soybean meal (crush spread).

2.2 Variants of the Model

In this section, we introduce other variants of the above model which are forward
under cash settlement, futures, and hedging by forward on output commodity.
However, the results are somewhat the same comparing to the first model.



2.3 Forward under Cash Settlement
If the forward are settled by cash then the firm’s problem will be

sup El/ e Jo N (p(gs, ., (£))S1(8) = 45 (1) S () — Rlws, (1), Sa(t))dt

qeQ 0

T
_/ Z o Jm r(u)duqF%b(t’Tm)FQ(t,Tm)dt
O T,e#F(t.T)

+ Z e fOTm T(u)dung (T7m Tm)SQ (Tm)
T €#F2(0,T)

tem Jo rwdug o (7Y, (T) | (3)

where

Q = {q:qis Fi-adapted process ,xg,(t) > 0,0 <t <T,
0<qs,u(t) < Kg,u,0<t <T,
0<zp(t,T, <K,0<t<TT,€#F(tT),
Ls,p <qs,5(t) < Kg,p,0<t<T,
L,y <qrp(t,Tm) < Kpyp,0 <t <T,T,, € #F5(t,T)}

and the amount of stored commodity is

t
r5,(t) = w500 + / 45,5(3) — G5y u(3)ds,0 < 1 < T.
0

The difference between physical delivery and cash settlement is that for cash
settlement it settles with cash at maturity so we do not need to consider the
forward position after it matures as a spot commodity. Therefore, the storage
cost function includes only the amount of spot commodities.

The results between the model based on physical delivery and that of cash
settlement are somewhat same.

2.4 Using Futures for Hedging through Cash Settlement

Let us see if the firm use futures to hedge its profit. We assume that the
futures are continuously resettled and settled by cash and the futures price is a
martingale under risk-neutral probability.® We denote Go(t,T) as its price at

6For continuous resettlement on futures and its prices, see Duffie (2001), Chapter 8, Section
C and D.



time ¢ which matures at time 7. The firm’s profit maximization problem is

T
ie0 EU e I3 TN (gs, (081 (1) — as,4(1)Sa(t) — Rlzs, (), S5(6)))d

qeQ 0
T

“

0

te Jo rwdug (TS, (T)

TWL
/ e~ Jo rdug e o (t, T, )dGo (s, Ty )dt
T e#G2(t,T) "t

: (4)

where

Q = {q:qis Fr-adapted process ,xg,(t) > 0,0 <t <T,
0<gs;u(t) < Kspu, 0<t < T,
0< JIGQ(t,Tm) <K O0<t<TT,e€ #Gg(t,T),
Ls,p <qs,(t) < Ks, 5,0 <t < T,
Layp < qa,p(t,Tm) < Kgyp,0 <t <T,T, € #Go(t,T)},

t
25,(t) = T5,0 + / 4525(5) — Gspu(5)ds,0 < t < T.
0

2.5 Hedging by Forward on an Output Commodity

Instead of controlling for the amount of inputs, the firm may want to control
the amount of outputs. In this case, gs, »(t) is the amount of spot commodity
1 bought at time ¢, gs, (¢) is the amount of spot commodity 1 used at time
t, qp (6, T), T € #F1(0,T) is the amount of future commodity 1 which
matures at time 7}, bought at time ¢. Again, the amount of purchased forward
commodity 1 gp, (¢, Tn), T, € F1(0,t) which are matured before time ¢ are
0, because there are no forward traded after it matures. The amount of future
commodity 1 can be used as spot commodities after the maturity. We again
use the notation q(t) = (gs, (1), qs,,u(t), (@r bt Tm)) 1, e 7 (1)) for these
amounts and ¢ = (¢(t))o<i<r. The amount of stored commodity 1 is

t
rs,(t) = zsi0+ / 45,.5(5) — 45, u(5)ds

+ Y. leran(Tn,Tm),0<t<T
T €#F1(0,t)

where the amount of storage of forward commodity which matures at time u
are

t
TFy (tvu) = TF,0,u +/ qF1,b(Svu)dst <t< T,'LL € #Fl(ta T)
0



Again, we denote #F1(t,T') to be a finite number of commodity forward 1 that
matures between [t,T]. Now, the firm’s objective is to maximize the following
profit function.

T
sup E./erkmm%%w&ﬁﬂw—m@&AQWﬂ“_R@&@%&@m&
qe 0
T T,
_ / Z e~ o™ 8 g (8, To) Fy(t, T )dt
0 T €#F1 (trT)

o I g (7)5,(T) ?

where

Q = {q:qis Fi-adapted process ,xg,(t) > 0,0 <t <T,
0<qs,,u(t) <Kgu0<t<T,
0<zp (T, <K 0<t<TT,€#F(tT),
Ls,p <gs,5(t) < Ks, 5,0 <t <T,
Ly <qrp(t,Tm) < Kpp,0 <t <T,T,, € #F1(t,T)}.

Note that in this case, the amount of input is substituted by po(gs, »(¢))
which is a function of the amount of output. This function pg can be acknowl-
edged as a conversion formula from output commodity to input commodity.
The firm controls the amount of output commodity gs, 5(t) which can take
negative values and therefore it can buy or sell amounts of input commodity
po(gs, 5(t)). When po(gs, »(t)) takes a negative value it implies selling of the in-
put commodity. It also controls for the cost of storage for the output commodity
and hedging amount of forward on output commodity. These two variants will
produce similar results as the main model produces.

2.6 Speculators’ Utility Maximization Problem

In this section, we introduce the speculator-consumer agent. We assume Py to
be the natural probability. Suppose there are J agents. The agent j is defined
by the utility function w;. Agent j consumes commodity 1 and trades the
money market account, zero-coupon bond, and forward commodity contract,
but does not trade spot commodities. The price of money market account and
zero-coupon bond will be denoted as Py(t) and P(¢,T), respectively. The zero-
coupon bond which the agent trades will only be those that have the same
maturities with the forward commodity contract. They own some share of the
firm and this share is fixed. Therefore a part of the firm’s profit 6, ;7 (t) at time
t will be agent j’s income.
Furthermore, we assume that the forward commodity price follows

dFy(t, Trn) = Fo(t,Tp) {pr,(t, Tn)dt + op,(t,T),) - dBp, (1)},
0<t<Tp,



under natural probability Py .

Let ¢1,j(t) be the amount of consumption of commodity 1 at time ¢. Let C
be the space of nonnegative adapted processes in R for consumption at time 0 <
t < T, Cr be the space of nonnegative random variable in R for consumption
at time T', and © be a space of {F(t)}-progressively measurable, R2#F 0T+
valued process for trading strategies. Let

S(t) (S1(t), S2(t), S5(1)),
Op;(t) = (Or,;(t), (O (t, i), cr(t.T))
0r,,i(t) = ((0r,;(t. 1)1, et FoeT))

0;(t) = (0p;(t),0r,,;(1))

Agent j maximizes the following expected utility.

T
sip  Epy / wy(t, er s (0)dt + U(W(T)) (6)
(c1,5,05)€A; 0
where
.Aj(to,T) = {(cl,j(-),Cl,O()) c(C x CT X O : Wj(t) = W](O)
/ O, (1)dPo(t / Op.i(t, Ty )dP(t, Tyn)
0 7. E#Fg(t T)
t
/ O, 5 (1, Ton)dF (L, Tyn) — / e (1S (2),
01, G#F2 (,T) 0
cl,j(t) Z 079F2,j(t7t) = 070 S t S T}7
W;(0) = Wjo,
W;(t) = Op;(OP(t)+ > 0p;(t,Tn)P(t, Tyn)

T €#F2(t,T)

+ Z 9F2’j(t,Tm)F2(t,Tm),0 <t<T.
Tm E#F2(t,T)

and Ep, is the expectation operator under Py. Notice that the position of
forward vanishes for each period which means the speculator clears out at ma-
turity.



3 Implications under the One-Input and One-
Output Model

3.1 Spot Price, Forward Prices, Futures Price, and Con-
venience Yield

Now we provide the relation between spot prices, forward prices, futures prices,
and convenience yields under the model.

We assume the following conditions on storage function R and production
function p.

Assumption 1. R(q,S3) is a convex function of ¢ and differentiable with re-
spect to ¢. There exists a constant K which satisfies |R(z, s)| < K(14](x, 5)|¥).
and a function hr € L' (2, P) such that |9, R| < hg" where d,R denote the par-
tial derivative with respect to the amount of storage. Furthermore, R is defined
on D = (—€,00) x Ry where € > 0.

This condition was assumed in Nakajima (2015). The domain Dpg of R is
defined in order to calculate the partial derivative at 0. The firm optimizes its
profit for only nonnegative g since it can not take negative amounts for storage.
Therefore, this last assumption is only to calculate the partial derivative at the
boundary.

Assumption 2. p is nondecreasing, concave, and differentiable.

Now we define the value function and its assumption. Let us decompose the
period into subperiods which are delimited by the maturities of forward.

To, Th), [T1,T2] - -+, [Tar—2, Taa—1), [Thi—1, Tha)
where To = 0 and Ty = T. Define

Jﬂ(t07x; Q())

= B / ™ Jo 9 (p(gg, o (£))S1(E) — gs,,5(t)S2(t) — R(xs, (t), Ss(t)))dt

/ o g T VB (8 T dt
to G#Fg(tT

teJo rdug (7Y, (T

The value function of the optimization problem (2) is

Ve(to,z) = sup  J(to,;q(-)). (7)
a(-)€Q(to,T)
Va(T,z) = o Ju (g 4 Tp, . )S2(T), x € ROT2#F2(0.T) (8)

TLY(Q, P) is a space of integrable function on Q with respect to the measure P.

10



where

Q(to,T) = {q:qis Fr-adapted process ,xg,(t) > 0,t0 <t < T,
0<qs,u(t) < Kgyu,to <t <T,
0<zp(t,Tn) <K itg<t<T, T, € #F(tT),
Ls, b <qsyp(t) < Kgyp,to <t <T,
Ly <qrp(t,Tm) < Kpyp,to <t <T,T,, € #F5(t,T)}.
and x = (vs,, (Tr,, 1, )T, e#F2(0,7), 7> S1, 52, 93, (F2) 1, e 75(0,7))-

‘We also need the following assumption in order to derive the relation between
commodity spot and forward prices.

Assumption 3. Vi (t,z) € CY3([Th_1, Trm] x ROP2#F(Tn—1.Tn)y and 9, V; is
a continuous function on [T}, — 1, T},,] x R>*2#F2(Tm—1.Tm) for each time interval
[Tmfh Tm] .

The relation between commodity spot and forward prices is derived in the
following proposition.

Proposition 3.1. Let Assumptions 1, 2, and 3 hold. Suppose that there exists
an optimal solution for the problem (2). Then the spot and forward price satisfy
the following equations.

Sz(t) _ B [e_ ftT 7.(u)duS2(T)‘]_‘t} + )\52 (t)
T
B [ et R (), 5y(5)ds ft] )
t
Falt.T) = P(t,Tm>1<E [ TS DI+ Are o0, To)
- )
—B| [ e b, R, (5). 51(s))ds fD (10)
Tm

Salt) = B e i

Fi] Falt, T) + Ara (. Thn)

T’nL
-E /t eI rwdug, . R(x%,(s), Ss(s))ds

A

Sa(t) = P(a5,u(1))S1(t) + (Ass.0,.0 (%) = Asyg,.u(t, 7)) (12)

where
As, (t) - /\SQ,I (t) + )‘S%QbJ(t) - )‘52,%#(15)
A0t Th) = —Apa, (6 Tn) + Ary 0, (8 Tin) — Ary.qp,0(t Tin)
+Ary gt Tin)
AR, (thm) = As, (t) + )\F2,O(thm)
P(t,T,) = E e J/7rwadu Ft}

11



and g3, 1,43, 4> 4F, , Pe the optimal solution and z* be the corresponding opti-
mal state process.

Proof. See the Appendix. O

A, (t, Ty) is the residual between the commodity spot price and the dis-
counted forward price minus the discounted storage cost.® Therefore, it is nat-
ural to interpret this Ap,(¢,T},) as the convenience yield or in other words the
benefit of holding spot commodity. This convenience yield can be decomposed
by marginal storage cost, shadow prices of storage, short selling constraints, and
limits of risk. It can also be decomposed to the cost part and the yield part.
The cost consists of marginal storage cost and shadow prices associated with
the upper limit of purchasing spot commodities, the lower limit of purchasing
forward, the nonnegativity of forward storage. The yield is composed of shadow
prices associated with the nonnegativity of storage commodity, the lower limit
of purchasing spot commodity, the upper limit of forward storage, the upper
limit of purchasing forward.

We can also derive the dynamics of Ag, (t, Tp,).

Corollary 3.1. Let Assumptions 1, 2, and 3 hold. Suppose that there exists
an optimal solution for the problem (2). Then the dynamics of g, (¢, T;,,) are

A\, (t, T)
= So(t) {us,(t)dt + s, (t) - AB(t)}
—P(t, Ty Fa(t, T ){ (1ep (£, Tn) + i, (8, Ty )At — o p(t, ) T 05, (£, T ) )t
+(op(t,T) — oy (t, Tr)) - dB(t)}
)

+{ —r(t) (E

+m%3@g@%&@»}&

H{oe

o (t, x*(t), u(t)) }dB(t).

T’ n
[ e s, R (5), Sa(s)ds
t

.

8These findings were also indicated in Nakajima (2015). See Nakajima (2015) for more
details.

Tm .
[ e e, Ras, 5),Sae)ds
t
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where

(7'13(157 Tm)

- Y ot Tw)

T €F#F (¢,T)
pe(t,Tn) = r(t)— > pp(t,Tn) +1/20p(t T) " op(t, Tn)
T €#F2(t,T)

+ Y ot T ().

TmE#Fz(bTm)
Proof. See the Appendix. O

This gives us the dynamics of the Lagrange multiplier Ag, (¢, T},) which have
a correspondence with the dynamics of traditional convenience yield which are
assumed in Gibson-Schwartz model or Schwartz model.

We can also derive the relation between commodity spot and futures prices
in a similar manner.

Proposition 3.2. Let Assumptions 1, 2, and 3 hold. Suppose that there exists
an optimal solution for the problem (4). Then the spot and forward price satisfy
the following equations.

Salt) = B[em I rSy(T)| F] 4 Asyrat) + Asuana(8) = Asaana(?)
[ T
-F / e_ftsT(“)duawng(a:@(s),Sg(s))ds ]-'t] (13)
t
Sa(t) = P, Tn)Ga(t, Tm) + Mg, (t, Tim)
S
—E/ e i T(“)duazSQR(xgz(s),Sg(s))dsFtl (14)
t
So(t) = P'(g5,u1))S1(t) + (Ass,qu1 () = Asy q,,u(t, @) (15)
where
)‘Sz (t) = )‘Sz,z(t) + )‘327Qb,l(t) - >‘S2,qb7u(t)
Aawo(t,Tm) = Cov [ 7 7000, 5 (T,,) | 7,
)‘G2 (ta Tm) = )‘52 (t) + )‘G270(t7 Tm)

and ¢, 1,95, u» 5, », Pe the optimal solution and z* be the corresponding opti-
mal state process.

Proof. See the Appendix. O

3.2 Comparison with Other Commodity Pricing Models

Let us compare the results with the existing models. We will show a correspon-
dence between the convenience yield from the existing models and the optimal

13



Lagrange multipliers. However, since the optimal Lagrange multipliers in our
model are endogenous variables and the convenience yield in the existing mod-
els such as Schwartz (1997) model are exogenous variables, there can be no
equivalence among these models.

3.2.1 The Gibson and Schwartz (1990) model

If the dynamics of the commodity spot price Sa(t) and the convenience yield
0o (t) are
dSQ(t) = (7“ - (52(t))52(t)dt + 0‘5252(t)d31 (t) (16)
dds (t) = K, (0452 — 89 (t) — 952)dt + 05,dB> (t) (17)

and the interest rate r is deterministic, then the Gibson-Schwartz (1990) model
asserts that

Sa(t) = Fy(t, T)e "7 =085, (1722070 ~AT—0)

where A(T — t) is determined by the parameters including volatilities.” Com-
paring with equation (11), we have

T
e TTOR (4, T) - E / e ", R(x%,(s), S3(s))ds|Fe | + A(t,T)
t

— Rt T)e—r(T—t)+62(t)n;21(1—e*"52 T=9y_A(T—1)

Thus, we have a correspondence between the Lagrange multipliers Ag, (t,T') and
the convenience yield & (¢) which is!®

d2(t)

= kg, (1 —e "o (T—t))—l{A(T —t)+1In <1 — By(t, T)7 !

{E — eT<T—t>A(t,T)}> }

(18)
Therefore, our model is compatible with the Gibson-Schwartz model.

T
/ e "M, R(x%, (s), S5(s))ds|F
t

9See Gibson and Schwartz (1990) and Schwartz (1997) for details on A(T — t). Here we
slightly modified the notation of A(T — t) and removed —r (T — t) outside.

10Note that ks, and A(T — t) are also part of the Gibson-Schwartz model. Therefore, to
be precise, we have a correspondence between the adjusted convenience yield and the optimal

Lagrange multipliers.
Ryt (1—e "2 T=D)55 () — AT —t)
]—'t} — e’“<T—“,\(t,T)}>.

2

= In (1 — Fa(t, T)~? {E {/T e "M, 5 R(x%, (s), S3(s))ds
t

14



3.2.2 The Schwartz (1997) model

One of the benchmark models is the Schwartz (1997) model. If the dynamics of
the commodity spot price S2(t) and the convenience yield d5(t) are

dS,
déy
dr

(t) = (r—02(1))S2(t)dt + 05,52(t)d By (t)
(t) = kes,(as, —2(t))dt + 05,dBa(t)

©) = kolay —r(#)dt + ordBa(t)

(

then the Schwartz (1990) model asserts that

_ kg (T—t)
Sg(t) _ Gg(t,T)P(t,T)eéz(t)K‘le(l_e L) )—A(T—t)
Pt,T) = exp{—r(t)r (1 —e"TD) 4k 2(k,a, + 05,.,)

t ) (T —1)) — (45?)*103(4(1 _ efm»(Tft))

x((1—errT=t) g
(T=D) — 26,(T — 1))}

T—
_(1 _ 672I€T T—t
where A(T —t) is determined by the parameters including volatilities.!! Com-
paring with equation (11), we have

T
P(t,T)Ga(t,T) — E / e i g, R(xk (), S5(s))ds|F | + Agy (8, T)

t

= G2(t,T)P(t,T)e‘;?(t)”s_;(l*e*”&?(T*”)fA(Tft)

Thus, we have a correspondence between the Lagrange multipliers Ag, (¢, 7)) and
the convenience yield do(¢) which is'?

Sa(t) = k(1 —ermoa(T=t))—1 <A(T —t)+1In (1 — (Ga(t, T)P(t,T))~*

- /\Gz (ta T)))

Therefore, our model is compatible with the Schwartz model.

T
E / o~ i r@dug,  R(x (s), Ss(s))ds|F

t

See Schwartz (1997) for details on A(T — t). Here we slightly modified the notation of
A(T — t) and removed the interest rate term into the zero-coupon bond price P(t,T) for
maturity T outside.

12Note that ks, and A(T — t) are also part of the Gibson-Schwartz model. Therefore, to
be precise, we have a correspondence between the adjusted convenience yield and the optimal
Lagrange multipliers.

ky (1 —e 02 T=D)s5 (1) — A(T — 1)

T el
= In <1—(G2(t,T)P(t,T))1E / e Jir(mdug, o R(x%,(s), Sa(s))ds
t

-Ft:| - >\G2 (tv T))
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3.2.3 The Casassus and Collin-Dufresne (2005) model

Now, let us examine Casassus and Collin-Dufresne (2005) model. Suppose that
the commodity spot price Sa(t), the convenience yield d2(¢), and the interest
rate r(t) are assumed as follows.

InSy(t) = ¢o+dyY(t)
r(t) = o+ Y1Yi(t)
dY(t) = —FLyY(t)dt + dBy (t)
and they derived!?
InGy(t,T) = AT —t)+B(T—-1)"Y(t)
T
B(S:T) = 5a(0)] = [ (r(5) = (e Salo)is
Bat) = rl)— 56Ty + obar Y (D).

Let us define

X (1) (In So(t),In Go(t,T),r(t)) "
o(T—1t) = (¢o, AT —1t),200)"
M(T—t) = (¢y,.B(T )T, (11,0,0)T)

If M(T —t) is invertible, then
Y(t) = M(T—-t)"YX({t) —c(T -1)
Therefore, if we substitute
In S5(t)

= In (E |:e_ ftT r(u)du

ft} Go(t,T)

T
-E / e Jirwdug,  R(x%,(s), S5(s))ds|Fy

t

+ )\Gz (t7 T)) )

we can calculate the convenience yield d2(t) through X (¢) and Y (¢). Thus, we
have a correspondence between the convenience yield and the optimal Lagrange
multiplier.

3.2.4 Semi-discretized Miltersen-Schwartz (1998) model

Another example of this model is a semi-discretized Miltersen-Schwartz (1998)
model. The term structure for d2(¢,7) and f(¢,T) is continuous for time ¢ but

L3For details see Casassus and Collin-Dufresne (2005).
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discretized for maturity 7. Suppose that the dynamics of the commodity spot
price Sa(t), the futures convenience yield ds(t, T}, ), and the forward interest rate
f(t,T,,) are

dS5(t) = s, (D)Sa()dt + 05, (£)S2(H)AB (8)
A62(t, T) = s, (t, Ty )dt + 05, (£, Ty )ABs (1)
Af (6, Tm) = ps(t, To)dt + o 4 (t, T )dBs(t).

The relation between the commodity spot and futures price under Miltersen-
Schwartz model (1998) is

Sa(t) = Go(t, T)E [e— S r(w)du

].'ti| eZTmE#F(t,T) 52(t7Tm)(Tm_Tm—l)

Comparing with equation (11), we have

Go(t, T)E [e* S r(u)du

ft:| eZTme#F(t,T) 02 (4, T ) (T — T —1)

T
= Bfe it / e~ TNy Rt (5), Sa(s))ds

t

ft] Go(t,T) — E

ft]
+>\G2 (tv T)

This equation implies
Z 52(t7Tm)(Tm - mfl)

T €#F(t,T)
7))

T
[ e e, R, (5), Sa(s))ds

t

T

= In <1 —~ (G(t7T) E [e— S r(wydu

<E Sl T)>>

By calculating the difference equation, we have the convenience yield da(t, T},).
Therefore, there is a correspondence between the discretized Miltersen-Schwartz
futures convenience yield (1998) and the optimal Lagrange multipliers.

Fi

3.3 Numerical Analysis

Now we will see how we can use the existing model and interpret the Lagrange
multiplier Ap,(¢,T) in this model. Let us use the Gibson-Schwartz model (16)
with the parameters estimated by Schwartz (1997) for crude oil.

o5, = 0.393,05, = 0.527, p(Sa, 83) = 0.766, ks, = 1.876, a5, = 0.106, 65, = 0.198.

Suppose that the interest rate is 5%, crude oil futures price which matures in one
year is 35 dollars.'* Furthermore, it is assumed that the storage cost function

14The interest rate is non-stochastic under the Gibson-Schwartz model, so futures and
forward prices must be equal.
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is linear and its marginal storage cost is $0.4 per barrel and the current §(t) is
0.106 which is same as the long-term mean «s,. Using equation (18), we can
calculate the Lagrange multiplier Ag, (¢,7") and see its behavior.

Figure 1 shows the correspondence between the convenience yield d2(¢) and
the Lagrange multiplier Ag, (¢,T"). The units of the convenience yield are rates,
but the units of the Lagrange multiplier are dollars which are intuitive to traders
and financial manager. If 62(¢) is 10% which is near the long-term mean alphas, ,
then Ap, (¢t,T) is around 3 dollars. This means that the benefit of holding a spot
commodity comparing to holding futures is 10% or 3 dollars per barrel. We can
see from the figure that as do(t) increases, Ag, (¢, T) also increases.

Figure 1: The traditional convenience yield d2(¢) and the Lagrange multiplier
Ap, (t,T). The Lagrange multipliers are calculated for each current convenience
yield d2(t) using equation (18) under the Gibson-Schwartz (1997) model with
parameters estimated by Schwartz (1997) for crude oil.

(03]

0 0.05 0.1 0.15 0.2 0.25 03
5(t)

Figure 2 indicates the effect of time to maturity 7" on the Lagrange multiplier.
If the time to maturity is only one year the Lagrange multiplier is 3 dollars, but
if the time to maturity is 10 years the Lagrange multiplier is around 17 dollars.
Therefore, the benefit of storage is large when the maturity is long. On the other
hand, as time to maturity increases, the Lagrange multiplier also increases but
the increasing rate falls.

The relation between the Lagrange multiplier and the volatility og, is il-

18



Figure 2: Time to maturity 7" and the Lagrange multiplier Ag,(¢,7"). The La-
grange multipliers are calculated for each maturity using equation (18) under the
Gibson-Schwartz (1997) model with parameters estimated by Schwartz (1997)
for crude oil.
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lustrated in Figure 3. The figure shows that as og, increases, Ag,(¢,T) also
increases. This implies that if the spot commodity price becomes more volatile,
then the benefit of holding a spot commodity becomes large. Since the spot price
can not be negative, the downside risk is limited and thus the benefit of holding
spot commodities rises as the volatility of spot commodity price increases.

Figure 3: Volatility of spot commodity price og, and the Lagrange multiplier
Ap,(t,T). The Lagrange multipliers are calculated for each volatility of spot
commodity price og, using equation (18) under the Gibson-Schwartz (1997)
model with parameters estimated by Schwartz (1997) for crude oil.

3.4 Optimal Production Plan and Trading Strategy

In order to derive the optimal production plan and trading strategy, we need
the following assumptions.

Assumption 4. R is strictly convex function of x. R is essentially smooth on
15
x.

Assumption 5. p is strictly concave and essentially smooth.

15A convex function f is essentially smooth for C' = int(domf) if C' is not empty, f is
differentiable throughout C, and limy, o0 ||V f(2n)|| = +00 whenever z1, 2, - - - , is a sequence
in C converging to a boundary point = of C.
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We can derive the optimal amount of spot commodities and forward with
these assumptions.

Proposition 3.3. Let Assumptions 1-5 hold. Let Si(t) be positive. Suppose
the problem (2) has an optimal solution for any zy. Then the optimal solution
is

G5 ) =1, <S2<t> —Sit?sz,u@))

(w5, (), (05, (t, Tm)) 1 e o t,1)) = IRt (To,t,7)

where I, is the inverse of p/,

Ipi(zorr) = &7 (TorT)
T
bi(xi7) = E / e Jo T<U>dUR(x52(s),53(s))dsft]
t
Ty = (xsz(t)v(sz(taTm))Tme#Fg(t,T))
TorT = < L0,t,T,S2 )
o (T0,6,7, Fo Ty ) Ty €4 Fa (¢, T
Tours: = —Sa(t)+ Bl K rdsy 1) F] 4+ Ag (),

04T, Fy, Ty = —€ o rde gy (4 T,,) + E[tf I T(u)d“Sz(T)’}—t}
+)‘F2,bz (ta Tm) - >\F25bu (tv Tm)

and the optimal trading strategy is

drs,(t) = (gs,0(t) = gsou(®)dt+ Y limp,@p, (4, Tn),
Ty €#F5(0,t)
0<t<T
dep, (6, Tw) = qrp(t,Ty)dt,0 <t <T,T,, € #F(t,T).
Proof. See the Appendix. O

The firm buys g3, ,(t) and use ¢, ,(f) commodity 2, and trades forward
qF, b(t: 8). df, (T, s) is the hedging strategy for the firm. Although the optimal
amount used qf%’u(t) is determined by the two commodity prices, the optimal
amount of buying g3, ,(t) do not depend on 51 (t) explicitly.

Examples of the production function and the storage cost function are shown
in Nakajima (2015).

3.5 The Speculator’s Valuation of Forward Prices

We now turn to the result for the speculator. Let us assume the following
conditions.
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Assumption 6. u; is strictly concave and differentiable. There exists a function
hu, € L*(Q, P) where |0u;(t,-)/dc1| < hu,, t=0,...,T, s=t+1,...,T. Furthermore,
u; is essentially smooth.

Define

Tulto, (W c05(00,00) = B| [ wslt.eus () + U W(1)|.

to

The value function of the optimization problem (6) is

Vi, (to, (W) = sup Ju; (to, Wis (c15(-),05())-  (19)
(c1(+),0(+))€A; (to,T)
Vi, (T, (W5)) = U;(Wy) (20)
where
A](t07T)

= {(Cj,l(-)ﬂj(')) € C x0:W;(t)=W;(0)+
T

T
+ Qj(t)dX(t)—/ c1,;(t)S1(t)dt

to to
c1;(t) > 0,05, ;(t,t) = 0,t9 <t < T}

T

0;(t)dX (t)

T
/GPD,j(t)dPo(t)—&— 3 / O (8, Ton)AP(t, Th)

Ty €45 (t0,T) * 1
+ > / Op, ;(t, Ton)dFy(t, T,
T €#F2(to,T)
We assume the following condition.

Assumption 7. V, (t,W) € CY3([Ta—1,Ty] x R) for each time interval
[Thr—1, T and 0wV, is a continuous function.

The following result is a modification of intertemporal asset pricing theory.'6

Proposition 3.4. Let Assumption 6 and 7 hold. Suppose there exists a con-
sumer who faces optimization problem (6) and there exists an optimal solution
and assume that the optimal consumption cj(t) is positive. Furthermore, as-
sume that all the wealth at time T is consumed, i.e. W*(T') = C{(T")S1(T) and

163ee for example Duffie (2001), Chapter 10, Section G.
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define Up ;(C) = U;(W) where W = C - S(T). Then

9:Ur,;(Ci(T))/5:(T)

By(t,T) = Epy Doy (t, ) /51 ()

Fi

Sa(T)

Proof. See the Appendix. O

S (t) is used as a numeraire price. It is the usual intertemporal price relation.
The convenience yield does not explicitly appear in the above result. However, if
we compare (12) and (21), we may interpret that convenience yields are included
in the marginal utility.

Corollary 3.2. Let Assumptions 1-6 hold. Suppose that there exists an opti-
mal solution for problems (2) and (6). Assume that the optimal consumption
¢;(t) and the wealth process W*(t) is positive. Then

9:Ur,;(C1)/51(T)

Eex | By (¢ /510

Fi

$2(T)|Fo| = B o= sy (1| | P(1,T) !

T
_— _E / o~ I Ty, R(a (s), S5(3))ds| Fy | P(4T) L — A o(t,T)

T

This corollary states that the differences in the valuation of forward prices
between a risk-neutral entity (a firm) and a risk averse entity (a speculator)
consist of the future marginal storage cost plus the convenience yield on forward.
Another interpretation is that a part of convenience yield is implicitly included

. . . AUr ;(CF(T))/d Sy (T
in the intertemporal adjustment term 8;’@(,0% ((t)))}écfl SI(TQ)(/ 5)1 GR

4 Conclusion

In this paper, we modeled a firm which uses an input commodity to produce an
output commodity and also trades forward or futures on the input commodity
in a continuous-time framework. The firm can also store input commodities by
paying storage costs. This extends Nakajima model (2015) which was modeled
using discrete-time. We compared the result with the Gibson-Schwartz model,
the Schwartz model, the Miltersen-Schwartz model, and others. Although our
model can be compared to existing models such as the Gibson-Schwartz model or
the Schwartz model, our model does not assume any dynamics of the convenience
yield explicitly. We analyzed our model numerically under the Gibson-Schwartz
model.

The model implied that the optimal Lagrange multiplier can be deemed as
the convenience yield. We also derived the dynamic of the optimal Lagrange
multiplier.

Furthermore, we derived the optimal production and trading strategy for
spot commodities and forward. We introduced two models which consider
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forward under cash settlement, futures, and hedging using futures on an out-
put commodity. Our model can be generalized to include multiple-input and
multiple-output models and we still have the same result.

If we introduce the speculator, we can see that convenience yields are implic-
itly included in the intertemporal adjustment term. In other words, the valua-
tion of commodity forward and futures can be done in two aspects, which include
a risk-averse agent (speculator-consumer) and a risk-neutral agent (firm).

For future analysis, our model can be incorporated into a general equilibrium
analysis by introducing a multiple-input and multiple-output model. We can
analyze the storage effect through demand and supply analysis. Furthermore,
it is interesting to relax the complete market assumption and investigate how
it affects the spot, the forward, and the futures price relation with convenience
yields.
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A Proof of Proposition 3.1

Let us define
Jrr(t()v x5 Q())

T
=B / e Jo I (g, L (1)S1(E) — gs, (1) S2(t) — R(zs, (1), S3(t)))dt

/ e o rIdug (4 T ) Fy(t, T )dt
to 1 ¢ #Fg(t T)

tem Jo rwdug (TS (T |

The dynamic programming principle!” states

Vﬂ(t()?x)
= sup E / e Jo 7‘(u)duf(t7 :v(t; to, , Q('))> Q(t))dt
q(-)€Q(to,T) to

T
/ e Jo T(u)duqF27b(taTm)FQ(taTm)dt
fo T,,Le#Fz (t:t1)

+Vﬂ(t1,x(t1;to,x,q(-)>>] 0<to<t <T (A1)

where

fx(t),q@) = (p(gs,u(t))S1(t) = gs,.6(t)S2(t) — R(zs, (1), S3(t)))

We start from the last period [Ths—1,Tas] which the corresponding optimal
control problem is

/ e B (g, 4 (1)S1(1) — g, ()51

Tv—1

—R(xg,(t), S3(t)))dt — e~ Jo ™ rWdug o (b Ty ) Fy(t, Thy)dt

sup E
q€Q(Tv—1,Tn)

e Jo™ 7'(u)dux52 (TM)SQ (T]y[) . (A2)

7For the dynamic programming principle, see Nisio (2015), Chapter 2, Section 2, Proposi-
tion 2.4, and Fleming and Soner (2006), Chapter IV, Section IV.7, Corollary 7.2 and Remark
7.1.
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where

Q(Tn—1,Tnr)
= {q:qis F-adapted process ,xg,(t) > 0,Tr—1 <t < Ty,
0<qs,u(t) < KsyusTri—1 <t < Ty,
0<zp(t,Thn) < K,Ty-1 <t < Ty,
Ls, b <qs,4(t) < Kgyp, Tri—1 <t < Ty,
Lp, b <qrp(t,Tv) < Kpyp, Tnvi—1 <t <Tn},

The Hamilton-Jacobi-Bellman equation!® for (A.2) is

q€Q(Trr—1,Tnr)
(A.3)

- fTM r(u)du
VW(TM,JJ) =e Jo (.’)35'2 + xFQ,TM>S2(TM)a reR (A4)
where 9, and 9., are the partial derivatives and

GTM (t7 z,q, V17 V27 V)
1

= Str(Vaou(t,2)u(t,2) ") + Vi pra(t 2, )
+(P(g55,u(t))S1(t) — gs,,5(t) S2(t) — R(ws, (), S5(t)))
5 |:C7 ftT]vI r(u)du ]:t} CIFQ,b(ta T]W)FQ(t7 TM) — ’I"(t)v,
Q(Trm-1,Tm)

= {q:(g5:,(t) — g85,u(t))las, (ty=0 = 0, Trr—1 <t < Ty,
0<gs,ul(t) < Ksyu,Tri—1 <t < T,
ars b (6 T ) ks e (6700) < 050750 (6 Tar) g, (110 >0 = 0, Tvi—1 <t < Ty
Lo, p < qs,p(t) < Ksyp, Tnr—1 <t < Ty,
Lp, b <qrp(t,Tav) < Kpypy Trvi—1 <t < T}

Here Log, (=05 LK > m, (t,T2r) and Lop, (t,Tar)>0 are indicator functions. Note
that 0 < zg,(t) and 0 < zp,(¢,T) < K,0 <t < T are equivalent to (gs, »(t) —
455,u(t)lzg, (=0 = 0 and qp, (6, T)k>ep 1) < 0,4m6(T)ep 1 1)50 =
0,0 <t <T which was also used by Presman, Sethi, and Zhang (1995).

We solve the following optimization problem

sup Gr,, (t,x,q, 0. Vi (t, @), 0 Vi (¢, ), Vi (t, ))
q€Q(Trr—1,Thn)

18For the Hamilton-Jacobi-Bellman equation, see Nisio (2015), Chapter 2, Section 2, p.56
and Fleming and Soner (2006), Chapter IV, Section IV.4, Theorem 4.1, and Chapter IV,
Section IV.3, Remark 3.3.
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which the first order condition is

= Opg, Va(t,x) = So(t) + Mgy .2 (t) + Asygy,1 (1) — Aoy gy u(t) (A.5)

0 = —0us,Valt, ) + 9'(¢3,,u(t)S1(t) + Asy 00,1 (8 ) — X5, g, (t, 2)(A-6)
0 = Oupyr, Valt,a)— B [e_ S r(u)du ]-‘t] Fo(t, Tar) + Apy ., (t, Tar)

Ay, (6 Tar) + Arygnt (6 Tat) — Nrgn.a (8, T AT)

From the Hamilton-Jacobi-Bellman equation (A.3), we have

G (8,27 (8), ¢7 (), 0o Vi (8, 27 (1)), Oa Ve (8, 27 (1)), Ve (8, 27 (1)) + 0V (8, 27 (2))
=0
> Gry(t,2,q,0:Ve(t, @), 002 Vi (t, @), Vi (t, 7)) + 0 Va(t, @)
where (*(t),¢*(t)) is the optimal solution.’® Since Vi, € CY3([Tar—1, Thr] ¥
RE+2#F2(Tv—1.T) and 9,,V, being continuous, we have
0
= 0uGry (6, 27(), ¢" (1), 0xVa (b, 27 (1)), Oua Ve (8, 27 (1)), Ve (8, 27 (1)) + Oe Ve (8, 27 (1))
By the definition of Gr,,,
0 = OwVa(t,a™(t)) + OuaVa(t, 2™ (¢))pa (t, 2" (1), 4" (1))
F0p i (t, 27 (1), ¢ (1)) 0 Va (8, 27 (1))
1
+otr (ou(t, 2% (t), " (1) T OuaaV (£, 2% (8)) 0w (t, 2 (t), g% (¢)))
d
+ Z ((3in (t,z*(t),q" (t)))T (Oua Vi (t, 2™ (1)) 0 (2, 27 (1), 47 (1))

J

+Va(t, 27 (8))0er(t) + () 0xVa (t, 7 (1)) + Ou fr, (£, 27 (1), 4" (1)),

where
Jru (8, 2(1), q(1))
= (P(gs,u()S1(t) — gs,,6(t)S2(t) — R(ws, (1), S3(1)))
-E {e_ M (udu ]:t} qr, b (t, Tar ) Fo(t, Tar),
tr(UI@ImVWUI)
= (80T (Oua@:V)') ).+ t2(07 (B (0uV)") )
and

0.Ve = ((0V)' - (0:V)")

9The argument here is a modification of some part of a proof from Yong and Zhou (1999),
Chapter 5, Section 4.1, pp.252-253.
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For 0, s,V and Oy o Tay V., we have
Oy tVa(t, 27 (1)) + Opg,a Va (t, 2™ (1)) pa (L, 27(1), ¢ (1))

+%tr (0 (82" (), 4" (1)) Dy a0 Vi (8, 2 (1)) 0 (£, 2" (1), 47 (1))
=7 (1), Va(t, 27 (1)) + Ous, R(5, (), S3(t)) = 0 (A.8)
vy 1y t Vi (6 27 (8) + Oy oy 2 Ve (8, 27 (8)) 1 (8, 27 (2), 7 (1))

0,
%“ (0 (8,2 (). 4" ()T Ory Vi 2 () (27 (8), (1))
—1(1)0zpy 1, Vi (L, x*(t)) =0 (A.9)

Applying Feynman-Kac formula?® for (A.8) and (A.9), we have
O, Ve (t, 27 (1))
T
= F |:e_ M r(u)duaws2 V.,T(TM, z* (TM))‘]:t:|

T
—-F /t e Ji 7'(“)‘1“8132 R(xs,(s),S3(s))ds

.
.

= E|e i rwdvg, (1| F,

T g
-E / e Jirwdug,  R(x,(s), S5(s))ds

t

aIF2,T1M Vﬂ' (t7 .’I:* (t))

T,
= Blen Mg, Ve(Ta,a (Ta)

7]

_ B {ef ftTM r(u)duams2 VW(TM,il'* (TM))

]—‘t}
- B [e*f%T““)d"SQ(T)‘ft} .

Substituting this into equation (A.5) and (A.7), we have

Salt) = B e gy (1) F ] 4 Asy o (8) + Asa gt (8) = Asin (1)
T 5
—E / e*ffr(u)duazSQR(:cf;Q(s),Sg(s))ds ft] (A.10)
t
B(tT) = [B e 598, (1) F) + Ay (6. Ths) = Ao, (8 Tar)

B a1 (6 Tor) = Mgy (2, TM)} <E [e* ffr(@dﬂft} )_(11&.11)

20For Feynman-Kac formula, see Pham (2009), Theorem 1.3.17.
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which also derives

Sz(t) - E |:67 ftT r(u)du

ft} Fo(t,T)

T
—-F / e Jo r(")d"8x52 R(x%,(s),S3(8))ds|Ft | 4+ Asy,2(t) + Asy,q,1(2)

t

=Sy .qult) = Ary .z, (6 Tor) + Ay 2, (8, T )
*/\Fzqul(taTM) + /\Fz,Qb,u(taTM) (A'12)

Furthermore, from equation (A.5) and (A.6) we have
S2(t) = P'(45,,u ()51 () + Nsp .1 (1 ) = Asy g u(t, 7)) (A13)

By induction and the dynamic programming principle (A.1), we consider the
following optimization problem.

sup E
qu(Tm—lmi)

T t
/ 67 fo r(u)du(p(quju(t))Sl (t) - qsz,b(t)52(t)

Trm—1

—R(xs, (), S3(t))) — e~ Jo " T g .y (1,T) Ba(t, T )dt

AVa Ty (T Trne1, 2(Trn—1), q(+))) | - (A.14)

where

Q(Tm—lva)
= {q:qis Fr-adapted process ,xg,(t) > 0,11 <t < T,
0<gs,u(t) < Ksyu,Trn1 <t < Ty,
0<zp,(t,Th) <K, Tn-1<t<T,},
Ls,p < qs,0(t) < Ksyp, Trne1 <t < Ty
Leyp <qryp(t,Tn) < Kpypy Trne1 St < T}

and the Hamilton-Jacobi-Bellman equation for (A.14) is
OtVa(t,x) + sup Gr,, (t,2,q,0, Ve (t,x), 05V (t,2), Vi (t,2)) =0

q€Q(Trm—1,Tnr)
(A.15)
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where
Gr,, (t,7,q,V1,V2,V)
= SVt 2, 0)n(t2,0)T) + Vi pualt2,0)
+(P(gs,,u(1))S1(t) — gs,,6(t) S2(t) — R(ws, (), S5(t)))
E [e* S r(u)du ]-"t} 0 (t, T) Fa(t, Ti) — 1)V,
Q(Tm-1,Tm)

= {q:(g5:,6(t) — g55,u(t))las, (=0 = 0, Tpp1 <t < Ty,
0<gsyul(t) < Ksyu,Trn—1 <t < Ty,
ar b (G T ke g (6.70) < 0,4m,6(8 Tin) Lap, (11,0 = 0, T <t < Ty
Ls,p <qs,p(t) < Ksyp, Trne1 <t < Ty,
Lp, b <qrp(t,Tm) < Kp,p, Tt <t <T,,}.

and S? denote the set of symmetric d x d matrices.
We have the following optimization problem

sup  Gr,(4,2,q,0:Va(t, @), 0oV (L, @), Ve (L, 2(1)))
q€Q(Trm—1,Tm)

which the first order condition is

Dus, Vi (£, ) = Sa(t) + Ay o () + A3, (8) = Ay () = 0 (A.16)
s, Ve (t, ) + 0'(q8, 0 (1)) S1(t) + Asy 1 (t, ) = X5y g0 ,ult, ) =0 (A.17)
vy 2, Valt,z) — E [e— S ru)du ft} Fy(t, To) + Aoy (6. Ton) — Ay, (£, )
FARq0,0 (6 Tin) = Ay qy,u(t, Trn) = 0 (A.18)

From the Hamilton-Jacobi-Bellman equation (A.15), we have

Gr,, (t, 2" (t),q" (t), 0xVr(t, 2(t)), 0ua Va (t, 27(1)), Vi (t, 27 (1)) + OtV (8,27 (1))
=0
> G, (t,2,q,0. Ve (t, ), 0ps Va (£, 1), Vi (t, ) + OtV (¢, ).

m

where (z*(t),q*(t)) is the optimal solution. Since V, € CV3([Tas—1,Tan] ¥
RE"“Q#FZ‘(TM*MT'")) and 0Oy, V; being continuous, we have

0
= 0uGr, (t,2"(t),q"(t), 0. Va(t, 2™ (1)), Oua Vr (t, 2" (1)), Va(t, 2" (1)) + OV (t, 27 (1))
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By the definition of G,

Ora Vi (t, 2 (1)) + Opa Vi (8, ™ () ) 1 (£, ™ (), ¢* (1))
+0u (8, 27 (1), ¢ (1)) 02 Vi (L, 2™ (1))

+%tr (0a(t, 2 (8), 4" (1)) D Vi (£, 2" (1)) 0 (2, 27 (), 47 (1))

£ Brodta (0,47 (0) OnaVa (" ()t (0). 4" (1))
th,xm F() = 1(O0. Vi (8,2 (1)) + Do fryy_ (L2 (), 4" () = 0,
(A.19)
where
Fri, (. 2(2), q(1))

(P(g5,,u(t))S1(t) — qs,5(t)S2(t) — R(xs,(t), S3(t)))
_E [e* S r(w)du ]—"t] s (t. T) Fa(t, Tin).

For 8132 V. and 0, .1y, Vs WE have

OtV (8,27 (1)) + O Vi (8, 27 (1) (2, 27 (1), 47 (1))

gtr (00l (), (1) By V(12" (t))ax( “(8).4°(1)))
1 (8)ag, Vit 27 (1)) + D, R(x7, (1), S3(1)) = (A.20)
aiFQ,TmtVﬂ'(t? {E*( )) + aﬂCF2,Tm ( SC*(t))/J,I( ( ) (t))

1 * * * *

+§tr (Uz(t»x (t),q (t))Ta:rF2,Tmm = (t,x (t))ar(t x(t ) q (t)))

—7(t)0zp, 1, Va(t, 2" (t)) = 0 (A.21)
Since

t
Ts,(t) = 5,0 + / 455,6(8) — gs,,u(s)ds + Z 2p, (Tins Tn),
0 T €4:F5(0,1)
it is easy to see that
Jﬁ(va xT,, + hSQKI(')) = Jﬂ(va xT,, + hFQ,Tm; q())

where hg, have h in the first element and other elements are zero and hp, 1,
have h in the 1 + m th element and other elements are zero. Therefore,

V(T 21, +hs,) = Vo (Tons 21, +hEy 1, ) and thus 0p g, Vi (T, x1,,) = Oy 1, Ve (Tins 213, )-
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Applying Feynman-Kac formula for (A.20) and (A.21), we have

d

Dus, Vi (t, 2" (1))
- B {e* S r@dug Y (Tt (Th))

J-'t]
T

B / e~ Ty R (5), Ss(s))ds
t

azF%Tm Vﬂ(t, x*(t))
= E |:e_ ftTm T(u)duaszmi V‘/r(vax*(Tm))

7|
Tm p(u)du *
= Bl Mg, VT, (Tm))’]-"t]
Furthermore, by induction

O, Ve (t, 27 (1))

= F |:ef ftT T(u)du52(T) ft:|
T s
_E / e Ji r(u)duagcs2 R(xg,(s),53(s))ds ft] (A.22)
¢
axFQ,Tm V’ﬂ'(th*(t))
= B e gy (7| 7]
T s
—F / o Ji T(“)d“é)zsz R(xs,(s), S3(s))ds ft] (A.23)
Tm

Substituting this into equation (A.16) and (A.18), we have

Salt) = EB[em ITrSy(T)| B + Asyat) + Az (8) = Asna(?)
T
-E / e JirwWdug,  R(x%,(s), S5(s))ds ft] (A.24)
t
Bt T, = (E {e_ftTT(u)duSQ(T”]:t]

T
-FE / e Jirwdug, Rz, (s), S5(s))ds

Tm

.

+)\F27.’L'l (t7 Tm) - )‘FQ,Iu (t7 Tm) + AFQ,qu(tﬂ Tm) - >\F2,qb,u(ta Tm))

. ( B [e— S r(u)duy ;t] ) - (A.25)
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which also derives

Salt) = B e it

ft} Fa(t, T)

Tm "s
B / o= Ty, (x5, (), S5(5))ds| B | + As,a(t)
t

+)\S2vqb7l(t) - )\SQ1qb7u(t) - )‘F27wz (tv Tm) + >‘F2,ru (t’ Tm)
*>‘Fz,qz),l(tv Tm) + >‘F2,qz;,u(ta Tm) (A-26)

Again, from equation (A.16) and (A.17) we have

So(t) = P'(45,u()S1(1) + (Ass.q0.0(5 %) = Asy g, u(t ) (A27)

B Proof of Proposition 3.2
Let us define
Jﬂ(t07x;Q('))

T
/ e Jo T (p(gs, o (£)) S (8) = a5,,0(£)Sa(t) — R(ws, (1), Sa(1)))dt

to

T
+/f
L

O Tme#Ga(t,T)

= E

T’r’l
/ o~ St ge, o (t, Tn)dGa(s, Ty )dt

t

e Jo rwdug . (TYS, (T

The value function of the optimization problem (4) is

Vﬂ'(th(E) = sup J(t()71',q())
q(-)€Q(to,T)
Va(T,z) = e o M5 )6,(T), 0 € R¥*+2#G201) (B og)
where
Q(to,T) = {q:qis Fr-adapted process ,xg,(t) > 0,t0 <t < T,

0<gs,u(t) < Ksgyu,to<t<T,

0<zg,(t,Tm) < K,to <t <T,T,, € #G2(t,T),

Ls,p < qs,p(t) < Ksyp,to <t < T,

La,p < qaap(t,Tim) < Kgypoto <t <T,T,, € #Go(t,T)}

and x = (vs,, (G, 1, ) T,n e#G2(0,1)> > S1, 52, 53, (G2) 1, e G2 (0,1))-
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The dynamic programming principle states

Vﬂ'(t07 :TJ)
t1 .
= sup E / e o 7’(u)duf(t7x(t;t0,x7q(-)),q(t))dt
q(-)€Q(to,T) to
21 T R
—|—/ Z e o r(u)duQGz,b(ta Tin)dGa(s, Trn)dt
to T €#Ga(t,t1) ¢

+Va(ty, x(t1sto, z, Q(')))] 0<to<t1 <T. (B.29)

where

f(t,x(t),q(t))
= (P(gs,,u(t))S1(t) = gs,,6(t)S2(t) — R(zs,(t), S3(t)))

We start from the last period [Ths—1, Tps] which the corresponding optimal
control problem is

sup E
q€Q(Tr—1,Tn)

Tn .
/ e~ o rde(p(ge (1)1 (t) — gs, () Sa(t)

Th—1

—R(xs,(t), S5(t)))dt
/ / Vel rwduge ot Tar)dGa(s, Tay)dt

e S r(wdug o (Th)Sa(Tar) |- (B.30)

where
Q(Tn-1,Tnr)
= {q:qis Fr-adapted process ,xg,(t) > 0,Trr—1 <t < Ty,

0<gsyul(t) < Ksyu,Tri—1 <t < T,
0< xG2(taTM) <K, Ty-1<t< Ty,
Ls, b <qs,0(t) < Kgyp, Thi—1 <t < Ty,
La,b < qeyp(t,Ta) < Kgyp, Ta—1 <t < T},

The Hamilton-Jacobi-Bellman equation for (B.30) is

q€Q(Tr—1,Tn)

Vi(Tog,z) = e~ Jo M r@duge 6Ty ) 2 € R (B.32)
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where 9, and 0., are the partial derivatives and
GTM (ﬁ, z,q, V17 ‘/27 V)
= S u(Vaoa ()0 (62) ) + Vi - palt, 7, 0)
+(P(gs2,u(t))S1(t) — gs,,6(t)S2(t) — R(zs,(t), S5(t)))
)V,

]-‘t]
Q(Tn—1,Tn)
= {q:(g5:,6(t) — g55,u(t))las, (=0 = 0, Trr—1 <t < Ty,
0<qs,u(t) < KsyusTri—1 <t < Ty,
4G b T ) k>, (670) < 0,0G5,0(6 Tar)Lag, (61020 = 0, Tv—1 <6 < Ty
Lg, b <qs,0(t) < Kgyp, Thi—1 <t < Ty,
La,b < qeyp(tTa) < Keyp, Tar—1 <t < T}

T )
+FE / e Jo T(u)dqu%b(t,TM)dGQ(S,TM)
t

We solve the following optimization problem

sup GTM (t7x7q7azvﬂ(tux)7amxv7r(t7x>7Vw(twr))
q€Q(Trr—1,Tnr)

which the first order condition is

= Oy, Va(t,2) — S2(t) + Asy0(t) + Ayt (t) — gt (B.33)
= =0, Val(t,2) + (05,0 (1) S1(8) 4 A0, (1 2) = As, q,,u(t, 2 B.34)

g

+)‘G2,1L (tv TM) - >‘G2,ru (t’ TM) + )\G21Qb7l(t7 TM) - AGz,Qbﬁu(tv T(IB)35)

0 = 9 Vi(t,x) + E

xGZ»TM T

T s
/ e~ Jo rWduga, (s, Thy)

t

From the Hamilton-Jacobi-Bellman equation (B.31), we have
Gy (827 (), 47 (1), 0V (8, 27(8)), Oa Vi (8, 27 (1)), Ve (8, 27 (8))) + O: Vi (8, 27 (1))
= 0
Z GTM (ta x,q, asz(tv x)v am:vvﬂ'(tv iE), Vﬂ'(t» {E)) + atvﬂ(tu .’E)

where (2*(t),¢*(t)) is the optimal solution.?! Since V,; € CY3([Tar_1,Tas] ¥
R5+2#G2(Tv—1.Tm) gnd §,, Vi being continuous, we have

0
= 0,Gr,, (t,x*(t),q"(t), 0: Ve (t, x*(t)), Ope Ve (£, 2" (2)), Vi (£, 27 (2))) + OV (¢, 2" (2)).

21The argument here is a modification of some part of a proof from Yong and Zhou (1999),
Chapter 5, Section 4.1, pp.252-253.
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By the definition of Gr,,,

0 = OwuVa(t,2™(t)) + OuaVa(t, 2™ (8)) pa(t, 27 (1), 47 (1))
+0u i (t, 27 (1), 4" (1)) 0 Ve (t, 27 (1))

+%tr (00 (t, 2" (), 4" (1) " OuwaV (¢, 2" (1)) 0 (t, 27 (£), 4" (2)))

d
£ (@e0d(t.2"(0).4" (1) " Pra Vit (O)oa(t 2" (1), 0" (1))

+Va(t,27(8))0er(t) + () 0x Vi (t, 27 (1)) + O fro, (£, 27 (1), " (1)),

where
Fras (8, 2(1), (1))
= (p(g5,,u())S1(t) — g5, 0(1)S2(t) — Rlws, (1), Ss(t)))
+E /t o B g (1 TG, Tar) ]-"t] ,
tr(0) Oras Vs
= (06T @@V ). tr(oT (D (V)" 02))
and

0.V, = ((0V)' - (0:V)")

For 3m52 V. and 3zc2}TM V., we have

Oyt Ve (b, 27 () + O Vir (8, 27 (8)) e (8, 27 (1), 47 (1))
+%tr (00 (t,2(8), 4" (1)) " Dasyoa Vi (t, 2" (1)) 0 (t, 27 (1), " (1))
=1 (1) Ous, Va (b, 27 (1)) + Ous, R(w, (), S3(t)) = 0 (B.36)

Oy iyt Vi (6,27 (8) + Oy oy 2 Ve (8 27 () i (8, 27(2), 47 (1))

gt (007 (0,7 (0) g,y Vil " (D)o, 27 (0), 4 (1))
—7"(75)890(;2 o, Ve (t,z*(t)) =0 (B.37)
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Applying Feynman-Kac formula?? for (B.36) and (B.37), we have

.

]-'t] (B.38)

Dus, Va(t, 2" (1))
= F |:e_ ftTM T(u)duams2 V‘IT(TM7x*(TM))“7:t:|

T
-E /t e I rwdug,  R(x%,(s), S3(s))ds

= B el rwdug, ()| F,

T g
-E / e Jirwdug,  R(x,(s), S5(s))ds

t

7)

TG, Trp

Ve (t,2*(t))
- E [e* S rdug, VW(TM,x*(TM))‘]'—t}
_ (B.39)

Substituting equation (B.38) into equation (B.33), we have

52(t) = FE [e_ ftT T(u)duSQ(T)‘]:t} + )‘52,90 (t) + )‘Sz,qz;,l(t) - )\527(1b;u(t)

T
—-FE /t e_ftsT(“)duamszR(x@(s),S’3(S))ds

]—"tl (B.40)

On the other hand, since futures are martingale under risk-neutral probability,

T .
E / e Jo rWdugGy (s, T, ft] =0
t
0 = /\Gz,fﬁz (tv TM) - >‘G27ru (tv TM) + )\G27Qb»l(t7 TM) - >\G2aqb7u(t’ TM)
from equation (B.35).
Therefore
G2 (tv T)

- (SQ(t) — Cov [e_ s r(u)du SQ(T)‘J-}} —A552(t) = Mg gt (t) + Ass.q,u(t)

g

]—‘t} )71 (B.41)

T
+E / e Jirwdug,  R(x, (s), S5(s))ds

t

(E [e— ST r(w)du

22For Feynman-Kac formula, see Pham (2009), Theorem 1.3.17.
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Furthermore, from equation (B.33) and (B.34) we have
S2(t) = P'(¢5,,u ()51 () + Nsy g, (6 2) = Asy g (b, 7)) (BA2)

By induction and the dynamic programming principle (B.29), we consider
the following optimization problem.

sup E
ZIGQ(Tm—hTm)

Tm t
/ e Jo T (p(gg. W (£)S1(E) — gs,.0(t) Sa ()

Tr—1
—R(xs,(t), S5(t)))dt

T Tk )
+/ Z / e 15 T(u)dqu%b(t,Tk)ng(S,Tk)dt

Tm—1 mpepaat,m)

+V7T<Tm7x(TwﬁTm—lax(Tm—1)>q<')))‘| . (B'43)

where

Q(Tm—lva)
= {q:qis Fe-adapted process ,xg,(t) > 0,Ty—1 <t < T,
0<gsyult) < KgyuyTm—1 <t <Tp,
0<26,t,Tn) <K, Ty1 <t<T,,
Ls, b <qs,5(t) < Kgyp, Trne1 <t < Ty,
LGy < qaap(t, Tm) < Kgypy Trne1 <t < T},

and the Hamilton-Jacobi-Bellman equation for (B.43) is
O Vr(t,x) + sup Gr, (t,,q, 0. Ve (t,x), 00 Va (t, ), Vi (t,2)) =0

4€Q(Trm—1,Tm)
(B.44)
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where
Gr, (t,x,q,V1,Va,V)
= (Ve )0t 1)) + Vi pralt, )
(p(500(£)51(8) — 45,1 S5(t) — R(ws, (1), S5(1)))

Tk X
+ Z E / e fo T(u)dqu%b(t,Tk)ng(S,Tk)
Ty €#Go (t.T) i

—r(t)V,
Q(Tm—laTm)
= {q:(g5:,6(t) = g55,u(t))las, (=0 = 0, Tpy1 <t < Ty,
0 < gsy,ult) < Koy Trn1 <t < T,
4 bt Tn) k> a6, (61) < 0,065,0(8 Tin)lag, (67,20 2 0,11 ST < T,
Ls, b <qs,5(t) < Kgyp, Trno1 <t < Ty,
L, b < qeep(tTm) < Ky py Ti—1 <t <Tp,}.

Fi

We have the following optimization problem

sup Gr,, (t, 7,4, 0. Va(t,x), 00 Vi (t, ), Vi (2, 2(1)))
q€Q(Trm—1,Tm)

which the first order condition is

= 69632 Vie(t, ) — S2(t) + Mgy a(t) + Asy g0, (t) = Asy gp,u(t) (B.45)

789052 Ve (ta (ﬂ) + p/(ng,u(t))sl (t) + >\S2»Qu7l(t’ {E) - )\S27Quau(t’ $0B.46)
Tk s

0 = 0 / e~ o rdugG, (s, Ty)

TGa,Tp "

+)‘G2,Il (t, Tm) - )‘Gz,zu (t, Tm) + )‘Gz,qb,l(tv TM) - )‘G27qb,U(t7 %-47)

Val(t,z) + E Fi

From the Hamilton-Jacobi-Bellman equation (B.44), we have

Gr,, (t, 2" (t),q" (t), 0x Vr (t, 2 (1)), 0ua Va (t, 27(1)), Va (t, 2™ (1)) + OtV (t, 27 (1))
=0
> Gr, (t,2,q,0.Ve(t, ), 0ps Ve (£, 1), Vi (t, ) + OtV (¢, ).

where (z*(t),q*(t)) is the optimal solution. Since V, € CY3([Ty,_1,T] X
R5+2#G2(Tm-1.Tm) and 9, Vy being continuous, we have

0
= 0:Gr, (8,27(1),4" (1), 0x Vi (8,27 (1)), Oua Vi (8, 27 (1)), Ve (t, 27 (8))) + Op Ve (8, 27 (1))
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By the definition of G,

0 = OiVa(t, 2" (1)) + Oua Va (t, 27 (1) 1 (8, 27 (1), ¢ (1))
+0upia(t, 27 (1), 4" (1)) 0 Vi (t, 27 (1))

+%tr (0u(t, 2 (8), 4" (1) " DuwaV (¢, 2" ()0 (£, 27 (1), 4" (2)))

d
+ Z (0502 (2" (1), 4" (1)) (Dua Vi (b, (1) (.27 (1), 4" (1))

HVa(t, 2™ (8))0ur(t) + 1) 0: Va (t, 27 (1)) + O fr,,, (1, 27 (1), 4" (1)),

(B.48)
where

fr, (t,2(t),q(t))
= (P(gs5,u(t))51(t) — gs2,6(1)S2(t) — R(ws, (1), S3(1)))

+ Z FE /Tk e I3 T(u)duq027b(t, Tk)dGQ(S, Tk) Fi,

Ty €#G>(t,T) ¢
For 8$SQ V. and 3zc;2,Tm Vx, we have

Oyt V(b 27 (t)) + Ong,aVa (t, 2" (1)) pa (t, 2" (1), ¢ (1))
+%tr (02 (t, 2" (1), 4" (1)) " Ors,aa Ve (t, 27 (1) 0w (t, 2* (1), 4% (1))
—r(t)@ws2 Vet z*(t)) + 89652]%(9032 (t),S3(t)) =0 (B.49)
aIGz,TmtVﬂ'(t’x*(t)) + awc2,meVTr(ta m*(t))ﬂw(t z*(t),q" (t))

Fgtr (02 (10,47 () Drcsy 1y Ve (1,2 (D)1, 2° (1), 4 (1))
(), z,, Vit 27 () = 0 (B.50)
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Applying Feynman-Kac formula for (B.49) and (B.50), we have

.
.

Dus, Vi (t, 2" (1))
- B {e* S r@dug Y (Tt (Th))

g

T
B / e~ Ty R (5), Ss(s))ds
t

= E e_ftTT(u)duSQ(T) F

T
_E / o I TN, R(xy (5), S(s))ds

t

Oy, Ve (827 (1))
T

_ E[e’ft rWdg e Vi Tn, 2 (Tn))
= 0.

7]

Substituting this into equation (B.45) and (B.47), we have
T
Salt) = B[em I Sy(T)| F] 4 Asyat) + Aszrgna(8) = Asana(?)

T
—E /t e JirWdug,  R(x%,(s), S5(s))ds

]—"tl (B.51)

On the other hand, since futures are martingale under risk-neutral probability,
0 = Aot Tm) — AGasan (b Tin) + AGaugu,i (6 Tin) — AGauqe,u(t, Tin)-
Therefore
Gao(t, Tn)

Tm,

= <52(t)_COV [e—ft A Sy (Tom)

Fi| = Aszat) = Aspana(8) + Asana(?)

g

ft} )1 (B.52)

Tnz
+E / e Jirwdug,  R(x%,(s), S5(s))ds
t

Furthermore, from equation (B.45) and (B.46) we have

Sa(t) = P (45, (1)) S1 () + (Asy.q,0 (£ 7) = Asy q,u(t, 7)) (B.53)
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C Proof of Corollary 3.1

From (A.26) we have

>‘F2 (taTm)
= SQ(t) - P(taTm)F2(t7Tm)

TTTL
+FE / e JirwWdug, Rz, (s), S5(s))ds
t

Differentiating this equation leads to

ft] |
dAp, (8, Th)
= dSy(t) — Fy(t, Tp)AP(t, Ty) — P(t, T )dFs(t, T) — AP(t, Ton)dFs(t, T

T
+dE / e fir(u)duam R(x%,(s), S3(s))ds ft] (C.1)
t

From Heath, Jarrow, and Morton (1992), the stochastic differential equation for
P(t,T,,) is

Up(t,Tm) = - Z O'f(taTm)
T €#F5(t,T)
MP(tv Tm) = T(t) - b(taTm) + Z JP(thm)PY(t)
T €#F2(,Tm)
= )= Y. pupt.Tw) +1/20p(t,T) 'op(t, T)

Tm 6#F2 (t7T)

+ Z ap(t, Tm)¥(t)

Tm €#F2(t,Tin)

under risk-neutral probability. Here «(¢) is the market price of risk. Further-
more, from equation (A.22) and (A.23),
ft]

.

T
B[ e i, Rt (), 5i(5)ds
t

= —Opg, Va(t, 2" (t)) + Oy, 1, Va(t,27(t))

which implies

T )
dE /t e Jirwdug,  R(x%,(s), S5(s))ds

= —d0,, Va(t, 2" (1) + A0y, Vi(t, 2" (1)),
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Applying Ito’s formula to 0y, Vi and 0y, o Vi, we have

By, Vi (t, (1))
= —A{-r()0us, Va(t,z"(t)) + Ous, fr,, (t,27(t),¢" (t)) }dt
+0ug, 2 Va(t, o (t)) 0w (t, 27 (), u" (t))dB(t)
O g, 1, Vi (8, 27(2))
= —A{-r)0up, r, Valt; 2" (1) + Orp, 1, fr,. (£, 2" (t),¢"(2)) }dt
F0u gy, Ve (b 27 (1)) 0 (E, 27 (8), w™ (1)) AB(t).
/ R rdug,  R(x, (s), Sa(s))ds ft]
= —d0u, Va(t,2" (1)) + dOsp, 1, Va(t, 2" (1))
= {-r ()5“2‘/( (1)) + Ous, [, (t, 27 (1), ¢"(t)) }dt
—Og,aVr(t, 2" ()0 (t, 27 (t), u" (¢))dB(2)
—{=r(t)0. Va(t, 2™ (t)) + O fr,, (t, 2" (), ¢" () }dt

F0u gy gy Ve (b, 27 (1)) 0 (t, 27 (), u™(t))AB(t)
Substituting (C.2) and (C.2) into (C.1), we have

Thus, we have

dE

d)\Fg(t7Tm)
= Sy(t) {ps, (t)dt + 0s,(t) - dB(t)}

—P(t,Tpn) Fa(t, To) { (P (£, Tn) + oy (. Tn) — 0p (8, Tn) T 0, (¢, Ty )t

+op(t,Tm) —op,(t, 1)) - dB(t)}
H () (Ops, Va(t, 2 () = Ouy 1, Ve (L, 2"())) + Oug, R(x, (1),
H{ =0, 2V (t, 2™ (1)) o (8, 27 (1), u* (1))
F0 g, 7,2V (b, 27 (1)) 0w (t, 27 (t), w™ (1)) }AB(t)
= So(t) {us, (t)dt + 05, (t) - dB(t)}

S3(t)) ydt

7P(t7Tm)F2(t7Tm){(:uP(t T ) + UF, (t?Tm) - UP(taTm)TUFQ (thm))dt

+(op(t,Ty) — op, (t,T))) - dB(t)}

Tm
+{ —r(t) (E / e It T(“)d“f)‘ISZR(mgQ(s), S3(s))d
t

+02, B2, (), S3(t)) }dt
ﬂ]

H{oe

oz (t, 2" (t), u* (t)) }dB(t).

)

Tm "8
/ e ih r(u)duﬁxSQ R(x*Sz (5)753(5))(15
t
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D Proof of Proposition 3.3

Here we derive the optimal production plan and trading strategy.
Lemma D.1. For any t,
Ty, .
B / e~ J5 T Rz (5), Sy (s))ds
t

is a strictly convex function.
Proof. We denote 1, x5 € R¥P2#F(T) and ¢;(-), g2(+) € Q.23 Furthermore, for
any t and 6 € (0,1), let zg = 021+ (1 —0)z2 and go(-) = 0g1 + (1 —6)g2(-). Note
that Q is convex. xg(s),t < s < T should satisfy the differential equations (1)
with x¢(t) = xg. Since p.(t,2(t), q(t)) and o, (t, z(t), ¢(t)) is linear, we have
zg(s) = 0x1(s) + (1 — O)xa(s)

Since R is strictly convex then

R(zg, S5(s)) > OR(x1, 53(s))) + (1 — O) R(z2, S3(s))

Since the strict inequality is true almost everywhere, we have

Tm y

E / e Jo TdU R (24(s), Sa(s))ds ]—"t]
t
Tm s
> 0F; / e~ Jo rWAu Rz (s), S5(s))ds ]-"t]
t
T’VYI, s
+(1-0)F / e~ Jo rWdu Rro(s), S5(s))ds ]-'t] .
t

O

The next lemma shows the existence of an inverse of gradient of ¢; at x; + =
(J"Sz (t)? (sz (ta Tm))TmE#Fz(t,T))'24
ft]

Lemma D.2. Let d;R be bounded by an integrable function hr and R be
strictly convex and essentially smooth. There exists an inverse of

Ovs, B [ S e LR g (), 53(5))] ft}
(Oupym, B[ e 5 T8 Rz, (s), Sa(s))| 7))

T u
¢i(zr7) = E / e~ o' WU R(2(s), S5(s))ds
t

a¢t(xt,T) =
T €E#F2(t,T)

We define the inverse functions Ip ;.

23This proof is basically same as that of Fleming and Soner (2006), Chapter IV, Section
1V.10, Lemma 10.5.

24Since x5, (t) depends  on  xp,(t,Tm), R(zg,(t),S3(t))  depends  on
(w5, (1), (xR, (2, Tm))T'nle#FQ(t,T)) as well.
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Proof. E UtT"” e~ JorduR(zg (s), Sg(S))dS] is a strictly convex function of x;.
Also, note that
ft]

T
/ e Jo rWdu Rz (s), S5(s)) ft]

.
.

T
0, E / e Jo TR (3, (s), Ss(s))
t

= Oy I

iIJS2

T
GIE/ e_fosT(“)duR(xSQ(s),Sg(s))

Tm

0,

TFy,Tm

T
E / e 5 TN Rz, (5), Sa(s))

t

by the chain rule.
We have an inverse for

Oy (4,7)
from Theorem 23.5, Corollary 23.5.1, and Corollary 26.3.1 of Rockafellar (1970).
O

If p is strictly concave and essentially smooth, then there exist an inverse
function I, for p'(-) from Theorem 23.5, Corollary 23.5.1, and Corollary 26.3.1
of Rockafellar(1970). Therefore, from equation (A.27 ) we can derive

S2(t) = (AS,qu,0 (5 @) — Assg,u(t; @)
% t)y=1 mu L . D.1
QSz,u( ) D < Sl (t) ( )
From Lemma D.2 and equations (A.24), (A.25) we have
(x5, (), (@, (6, Tm)) 1 eptmaery) = Irt(Tor) (D.2)
where
TorT = < Z0,t,T,S2 )
(T0,6,7,Fo Ty ) Ty € F (. T
T
Toarss = —Sa(t)+ Ble gy (1) F] 4 xg, (1),
toirmg, = —e T TOE T 1 B[em K sy (r) | 7]

+)‘F2,bl (ta Tm) - >\F21bu (ta Tm)

Furthermore, we can calculate the optimal trading strategy by

dzs,(t) = (gs,.6(t) — gs,u(t))dt + Z Lier,, 2F, (t, Tm),
Tm,G#Fg(O,t)
0<t<T

d$F2(t,Tm) = QFg,b(t; Tm)dt,O <t< T, T € #Fg(t, T)

Thus, we derived the optimal production plan and trading strategy.
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E Proof of Proposition 3.4

In this section, we derive the necessary condition for problem (6). We omit
the index j and denote w;(-), W;(-),c1,;(-),0;(:) to be u(-), W(-),e1(-),0(:) for
simplicity.

Let us define

T
Tu(to,z:(c().0()) = E / ult, &1 ()t + U(W(T)) |

to

Define the gain process G(t) as

= G(to) + /t Op, (1) Po(t)r(t)dt

/ 0p (8, Trn)P (s, T){(p(s,Tp))ds + O’p(S,Tm)TdB(S)}
to TmE#Fz(tm

/ O, (s, T)Fa(s, Ty {pr, (5, T )ds + o5, (s, Ty) TdB(s)}
to E#FQ.(to T)

The wealth process W (t) is
t
W(t) =Wy, —/ c1(s)S1(s)ds + G(t)
to
The speculator’s strategy 6 finances the net consumption process ¢;(t)S1 ()

W(t)=0pOP®) + > 0p(t.Tn)P(t, Tin) + 0, (£, T Fa(t, Tin)
Tm €E#F>(t,T)

Thus, the wealth process follows the following stochastic differential equa-
tion;
dW (t) = dG(t) — c1(t)S1(t)de
= W(t)r(t)dt
+ ) WOwet Tn){(np(t, T) — r(1))dt + op(t, T) TdB(t)}
Ty €4 Fs (t,T)

+ Y WOwr T {(pr(t Tn) = r(0)dt + or, (. Tw) TdB(1)}
T €#F2(t,T)

—C1 (t)Sl (t)dt
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where

w(t) = (wr,(t), (wp(t,Tom)) 1, enm 1), (Wry (6 Tn)) 1, e maer))

wp,(t) = 9Po (t)Po(t)/W (1),
wp(t,Tin) = 0p(t, Tm)P(t,Tn)/W(t),
WF, (t7 Tm) = GFQ (ta Tm)FQ( ’ m)/W(t)

and used the fact that the sum of weights is 1.

L=wp,(t)+ > wp(t,Tn)+wr,(t,Tn)
Tr €#F5(t,T)

The dynamics of the wealth process can be expressed as

where

.
pa(t) = ((up(t, Tm)) 1y (17 (6 Ton)) 1, e Py (1,7 )

-
ou(t) = ((op(t,Tn)) 1, ety (08 (6 T)) T, et Fa(t.T))

This wealth process is the state process.
The value function of the optimization problem (6) can be written as

Vu(t()vW) = sup Ju(to,.’b; (Cl()aa())) (El)
(c1(+),0(-))€A(t0,T)

Vu(T,W) = UW) (E.2)

where now the control is w(-) which replaces 6(-).
Again, we apply the dynamic programming principle

Vau(to, W)
t1
_ swp  E / ult, &1 (t:to, @, (ex (), w()), (ex (), w(t)))de
(c1(-),w(-))EA(to,T) to

+Vu(t1, W(tl, to, VV, (cl(),w()))] 7O S to S tl S T. (E3)

and divide the problem into subperiods which are delimited by the maturities
of forward.

[TO)TI];“' 7[TM717TM]
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We start from the last period [Tas—1,Ta] and the corresponding optimal
control problem is

V(to, Wi,) = sup E

Twm
/ u(t, er(D)dE + U (Cy (Tar)
(c1(-),w(-))EA(to,Tnr)

to

(E4)
where

A(to, Tnr)

= {(cl(),w()) c C x @1 :

W(t) = Wi, + | W(s)(w(s) (nu(s) —r(s)) +7(s)) = c1(s)S1(s)ds

to

+ t W (s)w(s) o, (s)dB(s)ci(t) > 0,0, (t,t) = 0,tg <t < TM}

to

and ©; be a space of {F(t)}-progressively measurable, R*#2(0T) valued pro-
cess.
The Hamilton-Jacobi-Bellman equation for (E.4) is
0 = O V,(@t,W)

+ sup Gu,TM (t7 VVu (Ca w)u aV[/‘/vu (tv W)7 aWWVu (tv W)v Vu (t, W))
(c1,w)EA

(E.5)
VulTy, W) = UW),WeR (E.6)
where dy and Oy are the partial derivatives and
GU7TJVI (t’ w, (C, w)a Vi, V2)
= %(VQWQU}TO'u(t)O'u(t)T'LU)
AVIWw T (pu(t) = (1) + Wr(t) — e1S) + ult, e1),
V(t, W, (c,w),p, P) € [Tar—1,Ta] X Rx A X R x R.

We have the following optimization problem

sup Gu.,TM (t, VVv (C, w)v aW‘/vu (ta W)v 8WWVu(t7 W)» Vu(tv W))
(c,w)eA

and the first order condition for this problem is
0 = OwwVult, Wt)W2(t)ou(t)ou(t) Tw* (t) 4+ Ow Vi (t, W ()W (t) (pu(t) — (1))

+0w Vau (8, W ()W () 11424 75 (10,77 (L) (E.7)
0 = —OwValt,W(£)Si(t) + deult, ) (E.8)
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where 1,, is n x 1 column of 1.
From the Hamilton-Jacobi-Bellman equation (E.5), we have

G, (6 W (1), (c1(8), w™ (2)), Ow Vau (8, W (1)), Owrw Vau (8, W (2)), Va (8, WF(1))) + 0 Vau (8, W(2))
=0
Z Gu,TM (t, W» (Cv w)» avau(tv W)a aWWVu (ta W)v Vu( )) + at (t W)

where (W*(t), (¢;(t), w*(t))) is the optimal solution. Since V,, € C13([Ths—1, Thr]
R) and Oy V,, being continuous, we have

0 = 8WGU,TM (t? w (t)’ (CI (t)7 w*(t))’ 8W‘/u (ta w (t))7 8WWVu (t7 we (t))’ Vu(tv w* (t)))
+0: Vo (t, W*(¢)).

If we multiply optimal weights to the equation (E.7) and sum it up, we have

Oww Vu(t, W)W (t)w* () o (t)ou(t) w* (1)
= —OwVa(t, W)W )w* ()T (1u(t) — () — Ow Va(t, W)W (O)w* () " L1y, o7 (2)

Therefore, if W(t) # 0,
O Vi (t, W () )W (t)w* (t) T o (t) o (£) T (2)
= —OwValt, W())w* (1) (iu(t) — r(t)) — dwValt, W(t))r(t)  (E.9)
By the definition of Gy, 1,,,,

O Vo (8, W™ (1))
+Oww Va (t, W) (W (0w (8) T (pu(t) = r(2)) + WH()r(t) — 1 (1)S(2))
+(w ()" (ua(t) = (1)) + () Ow Vi (t, W* (1))

)
(3WWWV (&, W))W () *w* (t) "ou(t)ou(t) Tw* (1))
O VW O 0 () o (o)1) =, (E.10)
From equation (E.9), we have
Do Valt, W* (1)
O Valt, W () (W (0w (6T (ra8) = 7(0) + W (0)r(0) = ()5 1)
b3 Ouwn Ve, W )W (020" () oo () v (1) =0, (B11)
and if we multiply it by F»(t) and use 9p,,, Vi (£, W*(£)) = Oy Vi (t, W* (1)) Fa(t, Tar)
Ouae, Valt, W (1)
0o, Valt, W (D) (W (00" (1) (rat) — (1)) + W (1)r(t) — £ ()5 (2))
5 (Ouwon, Vult, W @)W (00" (1) Tou()ou(®)Tw' (1) =0. (B.12)
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Note that anu(TM, W*(TM)) = (?I/VU(VV>k (T]y[)) = acU(C* (TM)Sl (T))/Sl (T) =
eUr(C™(Tar))/S1(T).
Applying Feynman-Kac formula for (E.12), we have

Oop, Vu(t, W*(t)) = Epy [59p2 Vu(TM7W*(TM))‘]:t:|
= Bry [0cUr(C* (Thn) Fa(t. Tar) /$2(T) | 72
From equation (E.8),

89Vu(t, W(t)) = 6WVu(t, W(t))Fz(t, T]w) = 8Cu(t, C*)Fg(t, TM)/Sl (t)

(E.13)
ft]
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