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A Macro Model with Input-Output Networks

Daisuke Fujii|’
RIETI

February 15, 2024

This note describes the macro model with sectoral input-output (I0) networks, which
can answer policy questions raised by METI. The model is static since we are interested in
a snapshot economy in 2040, not the transition path. We can change structural parameters
to simulate the economy in 2040. The model is characterized by perfect competition and
constant elasticity of substitution (CES) functions. Sectoral production requires labor,
capital, and intermediate materials produced by other sectors or other countries (import).
Sectoral output is consumed by domestic households, other sectors or other countries
(export). There are N sectors, and each sector produces one good. The terms “sectors” or

“goods” are used interchangeably.

Preferences

A representative household has the following utility function over N goods

oc—1 oc—1

U= |Yec,” +amey 1)
i=1

where ¢; is the final consumption of good i, §; () is the utility weight of good i (import)
in final consumption, and cys is aggregate import. For normalization, assume } ; ¢; +

¢m = 1. We can easily extend ¢y to incorporate imports by source country.
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Let p; and py be the price of good i and price of imported goods respectively. Then,

the demand functions are given by

c; = Epa_lgipi_a

M= Epa_lgMpX/Ia

where E is a nominal GDP (aggregate expenditure) and

N =
P= [Z G 7+ CMP}\ZU] 2)
i=1

is an ideal price index. Unlike the Cobb-Douglas utility function, the expenditure share
of good i can increase or decrease depending on the elasticity o when prices changeﬂ
With perfect competition (no firm profits) and homogenous labor and capital, the
nominal GDP is given by
E=wL+rK+D (3)

where w is wage, L is total labor, r is capital rental rate, K is total capital, and D is a trade

deficit. We treat D as an exogenous variable following the tradition in trade literature.

If we assume o = 1, we have a standard Cobb-Douglas utility function
N
u= Zf:ilnC,' + ¢pmIncy
i=1

where we can assume YV | & 4 &y = 1 without loss of generality. In this case, the expenditure share of
good i is constant at ; and does not respond to any shocks.



Production

There are N perfectly competitive sectors each producing one good. Sectoral production

function is given by

1 =1
yi = [(1 — )e ((Zﬁliyi (kai>1_m> ) +ﬂ}MZ€1] 1 (4)

where [; and k; are the amount of labor and capital used in sector i respectively, and
M,; is the intermediate input bundle. In the production function, z! and z¥ are labor-
and capital-augmenting productivity shocks. If we would like to model a total factor
productivity (TFP) shock, we can just change z! and z¥ by the same magnitude. Also, €
governs the elasticity of substitution between value added (labor plus capital income) and
intermediate materials, and p; controls the intermediate input share in the production of
sector 1.

The intermediate input bundle M; is given by

17

N 1 71 1ot -t
Mi = Lzl agx;’ +ajy Xy ] )
where x;; (x;p) is the amount of good j (imported goods) used in the production of good i
and 7 is the elasticity of substitution between different intermediate goods. The coefficient
a;; designates the importance of good j as an intermediate input for the production of
good i. A higher a;; implies that sector j is more important for the production of sector 1.
The matrix A = [a;j] corresponds to the sectoral input-output matrix in dataﬂ It is useful

to review that our CES specification encompasses several widely-used functional forms

as special cases:

* 51— oo M= Z]'I\i 1 Xij + xim (perfect substitution)

2We can easily extend the model to incorporate inter-prefectural IO matrix by redefining
i as prefecture-sector.  There is an inter-prefectural IO table in 2011 in the following link:
https:/ /www.rieti.go.jp/jp/database/r-i02011/index.html
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o n—=1:M;= Hj:1 x?jij xf]’\’/‘l’f (Cobb-Douglas)
e n—0:M; = minj {xi]-,x,-M} (Leontief)

The price of the intermediate input bundle M,; is given by

1

N =
1- 1-
Zi= 1Y, aijp; T+ ampy ’7] (6)
=1

and the price of the value-added component ((z/;)* (z¢k;) 174y is given by

o 1—uo;
w r
Vi= (zfoq) (zi‘ (1— zxi)) @)

where w and r are wage and rental rate respectively. Note that if sector i is labor intensive

(«; is relatively high), a labor-augmenting productivity shock causes a larger impact on
the sectoral price.

The price (and hence marginal cost since we assume perfect competition) of good i is
given by

1
pi = [(1 — ) VIO + Plz'Zil_e} o (8)
Since p; depends on Z; which consists of {p]-}, we can see the interdependence of sectoral
prices via input-output linkages.

At this point, it is helpful to examine the properties of our model. Because we do not
impose any parameter restrictions on the elasticities of substitutions € and 7, the impact
of a productivity shock to a particular sector on other sectors is not straightforward. Sup-
pose there is a positive productivity shock to sector j. This lowers the price of good j, p;.
From (8} this leads to the price cut of downstream sectors (lower p;). If # > 1, the inter-
mediate input share of sector j in the production of sector i increases and that of other
sectors decreases. If € > 1, the share of intermediate input compared to the value-added

(labor and capital) will increase. This is a downstream effect. Moreover, the productivity



growth of sector j induces upstream effect as well. If ¢ > 1 and # > 1, this will bring
a scale effect, and factor demand will increase. Sector j buys more input from upstream
sectors generating scale effects to those upstream sectors as well. The magnitude of the

elasticities of substitutions ¢, €, and 7 is critical in determining the model behavior.

Market Clearing
We have the following market clearing condition

N
yi=ci+ ) xjitcr
j=1
where c;r is the sectoral export of i. We assume that foreign households have the same de-

mand elasticity as domestic households (¢). Labor and capital market clearing conditions

are given by the following equations

h
I
™=

~
I
[uay

=~
I
=
Kon

N
Il
—_

Trade balance gives

N N

PM (CM +) xiM) — Y picie =D

> N d SN———
aggregate import aggregate export

Equilibrium

Structural parameters are summarized below:
e Common: 0,€,1, ppm, Cm
e Sectoral: u;, o, zf, Zf, aim

* Bilateral (sector xsector): 4;;



We can retrieve information on y;, a;, a;, and 4;; from the sectoral IO table in Japan. We
need to assume some values for o, €, 77. The values of those elasticity parameters depend
on the time horizon of our simulation exercise. For the long-run stationary equilibrium
analysis, these values tend to be larger than one.

In MATLAB or Python or any other programming language, the equilibrium can be
solved in two steps. First, we assume a particular values on w and r. Then we can solve
endogenous sectoral prices p; and aggregate price P by a standard iterative method (inner
loop). The contraction mapping theorem holds for the iteration of the price vector, so
starting from a unit vector, iteration quickly converges to the equilibrium price vector
conditional on w and r. Then we can check if the resulting price vector satisfies the market
clearing conditions. If not, we can search for {w, r} which satisfies the market clearing
conditions using “while” loop. We cannot use the standard iterative method here, but

“fmincon” function in MATLAB can be used (outer loop).
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